


(2) = 


1 


where k 




^2m+l (9^4.1) 1 


^ 2 is a 6xsd natural number. 



YyTnk^~k 1 ^ 

^ d 1 d Jjfc - 1 t r 

dZ zk-2 dz ’ K zk~2 


r\ mk , 

• ^ ]( means the operator repeats m times. Using the same operator 

Sharma [6} have given a generalization for Associated Legendre Polynomials as 
follows : 


2m 1 * ' 


(-\^k 4 * 1 
^mk 


(Z) = -- 


1 


k2w 2m! 


( 1 - 2 ^+'/* fe,2m. 




la this paper, we have evaluated some integrals involving generaliied 
Associated Legendre Polynomials. The following two integrals 

J" (1 (x) </*, Re fer > - 1, m > n, 

O 

j (1 (*) dX,-Ktkc >-\,m ^ n 

O 

are fundamental in obtaining the results of this paper. The integrals evaluated 
are 

(i) J Q”* (*) I 2(xtfl'^ } rf*, Re (ftv+5i/2) > -1. 

O 

(ii) J (*/J^ I </;«. Re (i(T + ^fe/2) > -1, 

(iii) ‘ I I ^^^^i/2 | 

Re iber > — 1 , 


(iv) AA/2-AM/2 | | 

Re Aa > — 1, 

(v) j' (,.,V" QJ (*) V ( )■'>. 

o 

Re fcr > - 1^ 

(vi) J (!_/)« qbA ^ ^i/4 j k<T> -1, 
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(vii) («) 

o 

Re A;cr > — 1, and 





(viii) J ( 1-/ f W pF, ; ± {xt}^ ] dx, 

^ , O Pl9 iPfl 

Re Aio- > - 1. 

The method employed is term by term integration. 


Ttk 

1. Substituting the value of ^mk {x) in the integral 


j‘ \~J‘ )-” Q"* {^x)dx 

O 

and integrating by parts, we obtain 


( 1-/ )“” (x)dx 

O 

r(g+i) T(c+ ][k) 

•T (<T“j - 1 “* f 7 I — 7 l) Jr(<T ”{" ^Jk'^ TTl n-f- 1 ) 

provided io- > — 1, n being integers. 

nk 

Similarly substituting the value of integral 

/‘'C !-*:*= )" Q”J/,(x)dx 
o 

and using Sharma^s [6] identity 


/ \ K2n j^mk+ nk . . k v2m _ k^^ {m-i-n) I r(f72 + n+ 1/^r) 

( 1-^ ) U. ( 1-z 7 - ■ r(m-«+i7ir 


(!-«* 


and integrating by parts, we obtain 

, q! 1\ ix)dx 

Q 

= r(w+n+l) I(m + n+\lk) r(<r4-l) r(.r+l/fc) , 

r (m-n+l) r (m— rt-fl/i) F ^a+J ^iri+n) f (a+l/i+m+n +• 1) ^ ‘ ' 
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provided k a > - 1, m, n beiag integers. 


2. Expanding Js 2 \ and integrating term by term with the help of 


(1.1), we obtain 


f ( l-/ ) - " {X) J, I 2 


^ _ fc2n-l ^skl2 Tja+s^+l/k) ^ 

T'(x-j-l) T (<T-\- sj'Z’^ ffi — n) r (o’-h^/2”i" n d* 1) 

aFa r‘'+^/2+l. o + j/2+l/A . -j ^2.1) 

5 4“ 1 , <T ij/2 *f ^ W2 — 77, cd" 5/2 4" 1 /^-f' 772 n + 1 ’ 

I-r ^ 

Re (far+ ^ ^ being an integer, 

and with the helf of (1.2), we have 


J‘ >(i- / )" w js| ^Qct)' 


^ fc2n-l ^skl2 r(^ 4 .n 4 .i) T (m+n + l/A:) F (g + f/2+1) F (<r-f j>/2+l/A:) 
r (m — n+i) 1' (m— «+ i/^) r(o + ^/^4- i — ffii- tt) T (<t + 5/24- l/A;-l-m+n+ 1) 


aFsf (2-2) 

s-^1, a 1 — ni4"Wj (T-j-5/2-t* "i" n-|-* 1 


Re (for + si/2) > - 1, s being an integer. 


3. Since 


“ * *■ fi + l, A.+ 1, /i+X+l ’ 


= r(fs+i) ru+l)(;ri/2)“’^"'* (*«). 


Replacing {xi) by (xt) ^ , with the help of (1.1), we obtain 
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K/2-fcf^/2 ( ^-n 1^ I I ^^j^fc/2 j 

O 

_ r(g+i) r(g+i/fe) ^ 

2X+^* r(/‘+l) r(X+l) r(tr-t-l-)n-n) r(<r-t-l/fc+m-n+l) 


p r K^‘ + X+l). i(/‘+X+2), <T + 1, (T+l/i . 1 /an 

^ ® L ii^}y \+l, ^ + \4-l, a + l-wi — n, o'+l/i+m — n4*l ’ J > * 

'Rc k u ^ ““ 1 J 

and with the help of (1.2), we have 

f )« Qnft I I I I 

O 

_ fe2n-l ^kI2{\+^>.) r(ffi4n+i) r(CT+rt+1/&) r(o'+l) f(<r+l/fe) 

2A+/* r(;*+l)r(\+l)r(ffl-n+l)r(nj-n+l/A)r(<r + l-.77i + n)r(<r+l/fc+m+n+.l) 


4^6 f 4(^*+A+2), <r+ 1, a+l/k 

#* + lj X+1, /*+\ + l, ^+1— m+n, (r+l/fc+OT+n+1 

Re k a — 1 . 

Next using the result of Meijer (5] 



], ‘*-2) 


oF. [t+f.H-^. )1 ;4|. ° 1 

and proceeding as above, we obtain 

*1 ki^ 

j J^—T ( l-J " )"” (*) rf* 

o 

_ r(<r+l) T(a+llk) 

{ r(l-/»)}a2^'* r(4r+l-m-n) A<r+l/&+m -n+1) 


p r ®'+ij c+i/^ 

® ®L i+/4/2, l+/*/2, 1+/4, tr+l-OT-n, (r+l/ii+m-fl+l 


1/6 ]; (3.3) 


and 



o 


hr - i/A/2 
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X 


_ k ’ r(ffi + n-l) r(^ + n4-l/^) r(<r + L) tjc+llk) 


{r(l-^t)}a 22^+ r(OT-n+-l) r(^-n+l/A) r(a+l-m + «) r(cr+l/fe+m+B+l), 

,F. ['’+'-<’+‘/‘ ;-l/6],(S.4) 

Refcr> - 1. 

4. Consider the following relations (Watson [7], § 52.1, 5.23) 


(- 0 ^ J, P-O (M, (.+ .427) (4.1) 


(«)'■"’! ( 2 ».) = r (.+ i ) s (■’-'‘>7 (‘ W '' j „ , 

Replacing {^t) by , multiplying the two sides by 


(4.2) 


rX (1 ^ ^^t^grating between the limits 0 and 1 with respect 


to X, we obtain 


2 F 3 r <^+^f^-^N2+lJk 

/* + l, cr+X/2 + M/2+l — m— «, 17+Xj 


yi yl (f‘+l)Yr(\+/*+2r)(a-+x/2+fi/2 + l-m-n)^ (!r+x/2+/x/2 + i/A+m-n+l) 

(4.3) 

R4*"'+-|-+4- )>-1. - 

Similarly replacing xt by , multiplying the two sides by i—J“ y^Qjtk 


'•4■X/2+A''/2+ 

00 (-1)^ r(\+p + Y)(\)y (<r+A/2 + /^/2+l)y (,T+x/2 + M/2+l/fc)y 


-n+1 •* 


y ' '' . - ^ - /y V- , ^ 

.ft 


r '^+X/2+/*/2+y+l, cr+A/2+/t/2+y+l/it • ; -r -i 

X+ /* +2y + 1 , cr +A/2+/*/2+y + 1 - m - «,«• + x/2+/i/2 + y + l/A-f-m - n+ ’ 


'mfc 




and integrating between the limits 0 and 1 with respect to x, we obtain 


aFs [=^+A/2+/‘/2 + l, cr + x/2 + m/2 + 1/fc . _ it 1 

^ + 1 , o-+X/ 2 +ii/ 2 +l-ni+n, cr+x /2 + i‘/ 2 +l/A 4 - 7 n 4 A>j + l’ * ^ 
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_OT (-1) + Wy (<=-+V2 + <*/2+l)y (o-+\/2+M/2+l/fc)^ e"* 

~y=o ^ ‘ (/" + l)Yr(X + /*+2y){o-+X/2+f‘/2+l-OT+n)y(^x72+^/2+l/fc+^r+n'+i)^ 

p r + 1» °’4"^/2+/^/2+y+i/i -I 

\+f^ + 2y,+ l5 a'+\/2+f^/2 + 74”^ o‘Tl-V2+/^/2+y4~l/A:+m+«+ 1 


^ ft cr 4"' 


ft\ , ki^ 

r\ • rv 


)>-] 


Similarly the results obtained by using (4.2) are 

^-p r cr4'/A^24“l5 cr4-/^/24^ l/ft , — 

v4^1, cr4-p'/24"l cr4'f*'/24r^/^4"^""^4"l 

03 r(cr4' /^/2 4 7 / 24 ^ 1 ) r(cr 4 -f^/ 24 ^Y/ 2 + 1 /ft) 

7=0 ^)7 C^+Oy r('^ + /‘/2+l) r(cr 4- f^/2+1/*) 

r. n) r(a'-^/^/2-f"l/Ai*j*Bi — n-f- 1) | 

r(a-4-ft/2i^7/2+l-m-n) r(<r + M/2+y/2+l/itm-nT]rl' 


(i y 


3F3 r ^+^'/2+y/2+i, ^+A*/2+r/2+l/i ; -< 

^Hh74^1, c‘4"/i/24-y/24^1 — 771 — cr-4“/^/24“7/2“f*l/^4^"“w4^l 


Re ( aV+ -|L,^ 


> — 1 ; and 


2F3 r °'+W2+l» o- + ^t/24^1/ft . _ 1 

v+l, cr + /^/2+ 1 - TTJ + Ha cr +/^/2 + l/ft-hm4”W4“l 

OD r(^4-/^/24 7/2-4-l) r(o- + f^/24r/2+I/ft) 

"yio ^l)v(/^+l)v r(^ + ;*/2+l) r(cr+;^72-hl/&)'^ 


r(a‘ + /^/2+ 1 — m + n), r(cr-j-/Jc/2+ l/fc + m + n+ 1) / xY 

r(^ + 7/2 + y/2-f- 1 •— 7B 4 " b) r(o' + /^/2 + y/24* 1/i + m + n+ 1)^ 2 ' 


o- + /<'/2 + y/2+ 1, o- + f‘/2+7/2+ 1/A ; — t ■ 

/i+y + l, a- + /*/2+y/2+l-m + n,o- + ^/2+y/2+ l/A+)n+»+ 


1, (4.6) 

n+1 •* 


Re ( Acr+-^) > - 1. 
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5. We now obtain the results which are most general. Following the same 
method, we have 


rt>+J^q+8 


. 1 i 
( 1 -* 







^2n-l 

r(cr + l) r(a-4-l/i) 

X 

r(cr + l ■ 

-m-n) r(cr4 1/ifc+m 

!-«+ 1) 

r 

....OTp, a-+ 1, O- + 1/i 


*■ Pi 

cr + 1— m-n. 

CP+l/i+W*-' 


; ± iff ] (5.1) 

-n + l 


Re Jfc o-> - 1 ; and 


( I-/ )” (x) pF, [ “1’ ± (xi)^ ] dx 

i Pi ’Pi 

^ r(m+n+l) r(«+n+l / A:) r(cr+l) r(=r+l/^) 

r(m — «+l) r(;7x— «4- 1 /^) r(cr4*l— m+«) r(cr+ l/^+;w+n+l) 

,.sF,.a r ; ± ( ) 1. (5.2) 

CT+l - cr*4-l/fc + /n+«+l 

Re Act > — 1, 

Fori =2 all the above results with certain restrictions correspond to the 
results of Bhonsle [2], 

6, A generalization of Hermite Polynomials given by Chatterjee [3] is as 
follows : 


Hfe+i w - (- 1)” i^”+' - ^ra/t+i)^ ( ■”' )• 

Using these results, proceeding as above, we obtain 

o 

= f-n" r(^+i/A) r(=r+i) r(a-+i/fc) 

r(i/i) r(cr+i n) r(cr-f i/A;-f-m-«+i) 

3F3 r "■'» '^+^> 0-+1/A . ^ 1 

'■ l/i, cr+l -m— », cr + l/A + OT-n+l) ’ 
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(6.1) 



Re Aicr > — 1 ; 




_,,.s ,2f+2n-l 


^ (-ly k 


r(^ + l/fc) r(m + n+l) r(w + n-fl/A) T(o-+l) r(cr 4- Xjk) 


r{\lk) T(m-n+l) r(m—n+\lk) r(a- + l-m -f n) r(o- + l/A + ni + n+ 1) 


°-+l, '^ + 1/^: . j J 

j|i, cr + l — OT + n, cr+ 1/&+ m + n-f- 1 ’ 


Re kc > — I- 


Similar results can be obtained for ^ j(*)- . 

Next consider the following relation (Baily [1] ) 

3F3 [ «, p- a; p, + 1 ; =«“'*' iFi (“; p; *) (p - p; *)• 

Replacing x by using (5.1) and (5.2), we obtain 


j' 1-/ r” ftl w 


(a- p. //2 ) (P_a; P; ) rf* 


_ r(o- + l) T{<T+llk) 

r(cr+i— m— 72 ) l(o-+ 1 /&+ 771 — n+ 1 ) 


Re k(T 


F. r P — “> °'+l» '=^+ ;l'], 

* ° ^ p, p/2, P/2+ 1, 0- + 1— m -n, o- + 1/^+ 1 


X*" (1 -/)” (a:) s" iFi (a; P; ) iFi (P - Pi 

O 

_ r(=- + m + l) r(cr + m+l/it) r(cr + l) rfo- + l/A:) ^ 

- r(^n+l) Tim~n+llk) r(cr+ I - .-n + n) r(cr + l/^:+m + n+ 1) 

P r O’, P- a, cr + I, c-+]jk . 1 “1 (6.4; 

^ ^ ^ P, p/2, p/2+1, cr+ 1 -m+n, o- + l/i4-m+n+ l 


Re ku- > — 1. 
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M. „ {X) = X 


*/2 


(m + - k; 2m ^ 1; x)^ 


using these relations we can easily deduce from (6,3) and (6.4) the following 
special cases 


« ( 1-* ) " 


L? «/2^" 


^ r(«+i+/) r(a-+a/4+5/4) r(o-+«/4+i/4+i/fc) 

Z1 r(a + l) r(c- -f ay4”i“5/4 - 772 — «) i (c7 4-ci'/44-5/4-f i/Zu + — ») 

p r — Z, oj + Z+lj cr4-«/4 + 5/4, cr + o!/ 44- 1/4 + 1/A; > i 1 

^ a+l, 0/2 + I/2, «/2+ 1, cr+a/4:+6/4 — OT - n, cr +a/4+5/4 + m - n 

Re I I > “ 1; 

I 4 


/ A O' ^ ^ X ^ I ® / ^/2\ » f 

X ( 1-* ) (x) « (a: 


r(a+i+/) nw+n+1) rcw+n+iA) r(cr+«/4-f5/4)r(cr+«/4+i/4+i/fc) 
Zl r(a+l)r(772“-n+l} r(fw-; 2 + 1 /A:) r(c7 +a:/4 + 5/4-771 + rt) r(cr + o;/4 + 5/4+ l/i+m+fi)' 

4^5 r ~ ^ 1 ’ 

a + l, o:/2 + l/2, a/2+1, a + a/4 + 5/4 — m + rt, o* + a/4 +5/4 + 1/A: + m+n 
Re I ^cr+ } > ■ ^- 

I am thankfnl to Dr. K, N. Srivastava for his help and guidance in the 
preparation of this note. 
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ABSTRACT 

Iodine monobromide (in. glacial acetic acid) solution is used as a redox reagent foi the 
determination of thiourea and some of its alkvl and aryl derivatives both by visual and potentiomctnc 
titration methods. 

The thioureas are oxidised to disulphides with a single electron change. 


HaN. 

2 y,G - SH — 
HN 


HaNv 

>G - S - S 

HN^ 


c/ 


NHc. 


+ 2H+ + 2e 


This direct method is simple, accurate and instantaneous. 

Iodine monobromide behaves as an acid in iodine solution : 


h 

IBr + KI > 

solvent 


KBr + Ta 
salt solvent 


According to Schulek and Burger^, iodine monobromidc acts partly as an 
iodinating and partly as a brominating agent in preparative organic chemistry. 
Militzer^ has found that in carbon disulphide or acetic acid, iodine monobromidc 
functions as a brominating agent, Bennet and Sharpe^ have shown that in a solution 
of phenol and iodine monobromide in nitrobenzene, free bromine and iodine cations 
compete for the phenol. Since bromlnation of phenol is very fast as compared 
to its iodination, the resulting reaction is iodine catalysed bromlnation and iodine 
may be recovered at the end of the reaction (Lambourne and Robertson^). 

Singh and Singh^ have used .iodine monobromide (in anhydrous glacial 
acetic acid) solution for the determination of phenol, hydroquinone, resorcinol, 
pyrogallol. phloroglucinol, thymol, a- and /3- naphthol, o- and p- cresol, o- and 
p- nitro phenol, aniline, o-, m- arid p- toluidine, a- naphthyl amine, acetanilide, 
salicylic acid, anthranilic acid, p- aminobenzoic acid and naphthalene. 

Quantitative estimation of thiourea or its organic derivatives with iodine 
monobromide has not been studied so far. Singh et al.® have used iodine mono- 
choloride and iodine trichloride as redox reagents for the determination of thiourea 
and some of its alkyl and aryl derivatives. In the present paper an attempt has 
been made to use iodine monobromide as a redox reagent for the determination 
of thioureas by oxidising them to their corresponding disulphides. This direct 
method is simple, accurate and instantaneous . ' 

EXPERIMENTAL 

Iodine monobromide was prepared by warming a mixture of 0*55 gm- 
molecules of bromine and 0*50 gm-molecules of iodine on a water bath till the 
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iodine completely dissolved. 1?he solid compound 'which separated on cooling 
was purified by repeated melting and cooling till its melting point was 42*0”G. 

For preparing N/4:0 solution, 3 g. of the compound was dissolved in glacial 
acetic acid and the volume of the solution made to one litre with the acid. The 
solution was then standardised by an iodometric method and kept in the dark. 

A known weight (5 to 40 mg.) of each compound was taken in a 
titration flask In Case of thiourea and its alkyl derivatives, sufficient water 
and enough of sulphuric acid to keep normality of the solution at 2N were 
added. Each aryl derivative of thiourea was dissolved in 18N sulphuric acid 
to 12 ml.’^ and sufficient water (50 to 60 ml.) was added to keep normality 
of the solution at 3N. The solution in each case was cooled to room temperature 
and titrated. with standard (0*025N) iodine monobromide (in glacial acetic acid) 
solution. End-point in each titration was detected visually as well as potentio- 
metrically. In visual titrations amylose was used as an indicator and the solution 
acquired blue colour at the end point (Intense blue colour was not obtained due 
to the presence of acetate ions). In case of thiourea and its alkyl derivatives, 
chloroform was also used as an indicator which turned pink at the end point. 

In potentiometric method a platinum wire immersed in the solution to be 
titrated was used as an oxidation-reduction electrode, and this was coupled with 
a saturated colomel electrods. The solution was kept stirred by a mechanical 
stirrer during the titration. Progress of the reaction was studied with Mullard 
potentiometer. At the equivalence point there was a sharp jump in potential in 
each titration. A series of potentiometric titrations was performed with different 
amounts of each compound. The potentiometric titrations, one for each compound, 
are represented by curves A to I. 
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! Fr6m the volume of standard (N/40, iodine monobromide (in glacial acetic 
acid) solution used corresponding to the end point in each titration, the amount 
of. thiourea and . each of its organic derivatives is calculated* Some typical results 
are given in Table I. 


TABLE I 


Titrations of thiourea and its organic derivatives with standard (Mj40) iodine monobromide 

solution. 


■ Compound 

Visual Method 

Potentiometric 

Method 

taken 

g 

found 

g 

taken 

g 

found 

g 

NHjj.CS.NHa 

0-0095 

0-0095 

0-0133 

0-0133 


0-0190 

0-0190 

' 0-0304 

0-0303 

GH 3 NH.GS.NH 3 

0-0102 

0 * 0102 . 

0-0113 

0-0113 


0-0320 

0-0318 

0-0360 ‘ 

0-0359 

GH: 3 GH 2 .NH.GS.NH 2 

0-0165 

0-0165 

0-0104 

0-0104 


0-0390 

0-0388 

0-0417 

0-0415 

(GH 3 ) 3 GH.NH.CS.NH 3 

0-0114 

0-0114 

0-0176 

0-0 176 


0-0395 

0-0393 

0-0393 

0-0392 

n-GH 8 .GH 3 .GHa.GH 3 .NH.GS.NH 3 ... 

0-0103 

0-0103 

0-0115 

0-0115 


0-0349 

0-0347 

0-0383 

0-0384 

n-GH 3 .GH 3 .GHa.GH 3 .GHa.NH.GS.NH 3 

0-0114 

0-0114 

0-0157 

0-0157 


0-0404 

0-0402 

0-0400 

0-0401 

o-(GH 3 )GgH^.NH.CS.NHa 

0-0108 

0-0108 

0-0162 

0-0163 


0-0352 

0-0351 

0-0332 

0-0332 

o-(OGH 3 )GgH,.NH.CS.NH 2 

0-0110 

0-0110 

0-0167 

0-0167 


0-0355 

0-0353 

0-0320 

0-0320 

o-(OC 2 Hg)CeH 4 .NH.CS.NH 3 

0-0105 

0-0105 

0-0158 

0-0158 


0-0322 

0-0321 

0-0396 

0-0394 


I 207;. li 


The results recorded above show that the listed compounds can be deter- 
mined by titration with standard (Nj40) iodine monobromide (in glacial acetic 
acid) ^ solution.^ Thiourea and its organic derivatives are oxidised by iodine mono- 
bromide to their corresponding disulphides : 


RHN. 

2 >G-SH+I+ 

HN^ 


RHN 


V-s-s 

HN^ 


/NHR 

^NH 


(R = alkyl or aryl group). 
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ABSTRACT 

Roop Narain (1) has given a generalisation of the well known Hankel transforon in the form 


g {«) = a)" / X 


In this paper, some properties in the form of theorems have been given. These properties arc 
more general in nature than the known ones. 

1. Roop Naraifli (1956-57) has given a generalisation of the well-knovra 
Hankel Transform, namely 

CO 

/(*) = J 'fxyJv 

o 

by means of an integral equation 

/(*) = a)” / S 

O 

where x t (*) is a function, which may he expressed in its simplest from by 
Meijcr G-function as 


- V ^2, 1 / k-]rm \ 

^v,k,m * ^2, 4 ( * V, v+ 2m, o, - 2m, ) 


provided R (s) > io > o , R (v + 1 -1- 2m ± 2m) > o and 2m is not an 
integer or zero; and the integral involved are absolutely convergent. 

In particular, when k-\‘m = J ; (1*2) reduces to (1.1). He has also established 
the reciprocal relation, namely 


03 

g (x) = l/2v j + - k (1/4 ^2 yO f<j) 


*Rea4 at the Mathematical Conference, 1961. 
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provided the -transforms of [ /{x) and | ^(«) | esbt, R (r) > R (Jo) >b, 

R (k -1- I + 2m ± 2m), and 2m is not an integer. He defined/ (*) given by (1.2) 
as the Xy ij. ^ —transform ofg {x). If f (x) = g (x), so that / (x) is its own — 

transform / (x) is said to be self-reciprocal in the y , -transform and 

is written as (k, m). He has obtaind the necessary and sufficient condition for 

a function to be self-reciprocal in this transform. He has given some rules 
connecting different classes of self-reciprocal functions. He has assumed that f {x) 
is integrable in (o, co) and the integrals involved exist* 

The object of this paper is to develop the theory of this generalised transform. 
I have deduced some-theorems which are exactly analogous- to the corresponding 
results in the ordinary Hankel transform. 


CD 

; 


2, Theorem 1. If /(*) and g-{x) are -transforms of each other, then 

/(^) ^ Tx l/2v-l/2/)-p3/4+mi:m) r(v/2-|-^/2 + 3/4 + m -,t) ’ 

xp r (v/2 — p/2-1-5/4 -pm - A) f* (v/2-pp/2-i-l/4-l-m + m) 


provided the integrals converge, and 2 m is not an integer. 


/ 0 *' (2.1)' 


CD 

Proof: -Vfe know that/(«)= l/2v J {xyf'^^i'^ y^)-g{j)dy: : 


Therefore 

CO 


( 2 . 2 ) 


/ 0"^"^ “ J f J >^v/,m « Cl') dy. 

O • O O 

Changing the order of integration, if permissible, we get 

J/|ad,=. 1/2. + J .-^ + 1,2^ 

o c O ' 

Evaluating the inner integral by a formula given by Roop Naraini which is of 
the lorm: 

^ /t — 1 

r ~ ^ X^ ^ „ (1/4 .r’- j2) dy = — - Pl2+ 3l2-{-m - k) . 

c ’ ’ - r(^*/2-j-l/2-f-m-ft) Tx (y~p-l2-\'l-^m±,mr 

providedR(v-f l-PIm) >R (/t/2-j-2m) > o, R v-f.3/2-f m - /fc - /t/2j > o, 

R (1/24/, - /t/2 - m) > o, R > R(,u)>o, and 2m is not an integer or zero, 


r brevity fx (a±ji) has been employed to denote - 
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We gei 


sJO 

/ 


f(x) 

xp 


dx = 


, 1/2 


PTx (v/2-1-3/4 - + r(v/2+j)/24-3/4 + m-^ ) r £_(a;) dx 

(v/2-//2-t-5/4 + m - /c) Ta (v/2 + ;5/2+ 1/4-i- m + m) J * 


The change in the order of integration is permissible as the integrals involved are 
absolutaly convergent. 

Particular Gases; — 

(i) When we get 




_g{x) 


(iij When k-\-m = 3, we have 


dx, 


/ 


/ w 


dx 


• 2 ^ P I (v/2 + 3/4-/>/2) r , 

r(v/2+l/4+/-/2) J ■ 


(2.4) 


(2.5) 


This theorem is a particular case of Farseval formula for Hankel transforms, which is, 


j J {xy)g{y) dy = j J{y)g [xy) dy. 

O O 

(iii) When p = h in (2.5), we get 

f m 

J »Jx J s/X 

O o 

Here J (jt) and g {x) are ordinary Hankel-transforms of each other. 
Ex. 1. Let us take J (*) = e~^ ** W, (* x^). 

K%Tfi 


( 2 . 6 ; 


Then the corresponding ^^^-tcansform of f{x)i%g{x)^x'"^'^^e ^ X 

^ ^ “ S (^)‘ Hence / (a:; is a self-reciprocal function in 
X^h " transform. 

By the theorem, we have 


CO y ^' h 2 ; 72 — J 

/.^ — 


o 


a -*' 

x^ 


dx 


= r(W2-j!>/2-h3/4) ^(v/2-jt>/2 + 3/4-^2m) T (v/2-f./)/2+3/4+m~fc) 

Tx (v/2-fp/2 1- I/4-hm i'nz) F (yl2 ~ pr2-\-5l4: + m- k) 


^ v-f2m-4 




.‘-■P 
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Evaluating tlie integrals by a well-known formula given by 6oidstein^, 

i 2 '"‘ r(^-A:+l) 

where /±ni + i > O, 
we get 


Tx (v/2+3/4-^/2±m 


2l-v/2'/i/2 m+1/4 r(v/2+/>/2 + 3/4+»i- 


k) 


Tx (v/ 2+3/4 -^/24-mib^) 


2I v/2 -/'/2+1/4 ^^^^2+/,/2 + 3/4 + w-i) 

Thus the theorem is established. 

Ex. 2 , Let us take / (x) = ^ ^ corresponding hm'^ 

transform of / (;r) is ^ a^'" T (r + 1 + 2 m) x'' (a^ 4 ~ ~ 2"*. 

By the theorem we have 

X 


“ ^v + 2m+l/2 

j 


hm 


2 ^^^ ^ fx (r/2-^/2+3/4 + m±m) r(v/2 + />/ 2 + 3/4 + ffl - A) 
r (v/2+i>/2+5y4-{-77i -A:) Fa; (v/^ -i-//2 + 1/4+ miw) 

a; V + 1 + 2 m) 2 '’ + - a^'”. J / (a^ + x^; 

Evaluating the integral on the left hand side by a well-known formula^ : 

CO 

' S (,.) J. = 2rlXMl+j/SIl”i2zi/i), 


we get 

CO 




c.v-p i-2m - 1/2 

y-r^s-^ W n2»+./2-^/2+3m 

Evaluating the integral on the right-hand side, we get 


r (V/ 2 -J &/2 + 3 / 4 ) 


2 V -/>4 2 m- 1/2 
= av-/.-h 2 m-l- 3/2 ■ 


r;>i: (v/2-/i/2-h3/4 + m±m) 
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i. e. L. H. S. == R. H. S. Thus the theorem is established. 


3. Theorem 2. If fi {x) and (x) are x , -transform of {x) and 

VjfCjW 


respectively, then 


J* /i W ga (*) <ix = j fi (<) Si W 

c o 

provided the integrals exist. 


(3.1) 


This may be called the Parseval theorem for this generalised Hankel- 
transform . 


Proof : — We know that 


CO 

/i ix) = l/2v J (1/4 Si (j) dy, 

O 

CO 

and/a(*) = l/2v J" 


(3.2) 

(3.3) 


CO 


Therefore J A i^^c) (x) dx = j gfy;)dx . l/2v j (Wj {y) dy 

o o c 

(3.4) 

Changing the order of integration, if permissible, we get 

CO CO CO 

j fi (xj Sa {x) dx = l/2i- J g^ (y) dy. j (^j)*'"^^ ^ (i a;®/) ga (») dx 

o bo * 

CO 

= ^11 (*)• A (*) 

o 

which proves the theorem. 

Assuming that the integrals (3.2) and (3.3) are absolutely convergent the 
change in the order of integration will be justifiable; 

Ex. 1. Let /i (jc) ^ 


(*) = rA-(v/2+M/2+1/2 + wiAm) I (vl2-!i/-7+\+m-k) 


Si 


/* + J 


r (/t/2 + v/2+ l + wi-A) Fr (vy2-^-^‘/2+ l/2+m±'n) 


§,(*) = 2'’ + 2 '«^ 2 m^v + i r(v+l + 2 «) (^2+*®)”'"^"^'" 
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By th.Q theorem, we have 

J /~5 2’' + 2« 2m r (v+ l + 2m) ' 

O 

^ 2^" Tx (^/2 + v/2+1/24-m±y72) T (v/2->> i^/2 -H + m - fc ) 
r (^/2 + v/2 -h i +772 Ta? (v/2 - + 1 -4-m ibm) 

The integral on the Right Hand side is 

2 v + /*+2w~ 1 f^(^y2 + v/2 + Hw±«) rx(vj2-l^l2+\+m-k) rx(v/2 - ft/2 + 4+ wi:m) 

r (M/2 + v/2+l + m-i) Ta; (v/ 2 +l/ 2 -m /2 + !nim) /■^ + 2m- I 

The integral on the left-hand side exists and hence will be equal to the right 
hand side. 

4. Theorem 3. If / (x) and g (x) are x l -transforms of each other and 

'"Vj K^tn 

] ^c-fico 

= 2^ J ds, 

c-^i cx) 


where for s =(r+ it, ^ (j) = o Ml > o; and | « | “^ and a and is 


a value of c in the strip o < c < j , then 

“ 2^~^rA;(v/2+^/2+l/4+M±r«j T (v/2-f/2 + 7/4 + m-fc) ^ 
. r (v/2 -t 3/4+s/4+m— A:) 1;^ (v/2-l-^?2d* 3/4-h?w±m) , ^ 

C-iOD 


- sV /' 


provided R (I'd- ?) > R (v + i -j) and 2m is not an integers 
Pro^i — We know that 

CO ^ 

/ (*) = l/2v j ^v,k,m ^ 

O 

Substituting the value of g (j);) from (4.1), we get 


X ^ (1 - 0 ds ; 


c-f- i CO 


~ s 


ds. 


/(*) = -^/ 

° - I . C-. tec 

Changing the order of integration, if permissible, we get 

^ ^ ’^2’' / ■5' ' X k,m 


c-2 eo 



Evaluating the inner integral by (2 *3 A), we get 

, , 1 ‘'^*”2^~^rx(v/2-t-t/2+l/4+ m±m) f ( v/2 - ^ /2+7/4+m± CT) ^ 

^ ^ Tri J ■"'■'n''/2+V2+3i44-™- fc) fx (i'/‘2+5/2+3/-l+m±m 

c-ico 

X ^ (I —s) * X (/s 

which proves the result. 

To iustifv the change ia the order of integration in the integral, we observe 
that s Ld ; - Jnteg^couverge absolutely under the condrUpns stated above. 

The repeated integral also 


~^co . 


exists, since ^ (5) - O ^ ^--k\t\^^k>Oy\t 

Corollary. If / (x) and g[x) are x^^k,m - transforms of each other and 
C— |-i 00 


C — 2 CC 


,he» s (.) - 


c-f-i ^ 


2^ '^^Fx ( v/2'^ S/2 +IJ4: j- m±m) F (v/2-5/2 + 7 / 4+^-^; ^ 

F jyl2i^i-\-sl2 + m — /b/ (v/2 + .^/2 + 3/4-i-m±A;; 


tCD 


provided the conditions stated in the Theorem are satisfied. 


X <|i (I - f) ■ X dx; 


r r cj + is+^v) 




given by Mohan®. 


c + i w 


ThengW= 

c — z cc 

where c > /a- 1 -v--\+ 3 / 2 . Hence 

VV„2+./4-./4-U,Ci^-#’‘‘'' 

I f we write i (/^ + v) = w 

and v — V == /j;, we get 

+ (M. 

I 315 J 


^is+i^^ + iv - 5/4 r + X * di, 

‘ ni+iv + iT 

(4.1JA 



The corresponding value of J{x) will be given by 

r 2^ " ^ rA? ( v/2 ^sl2 + l^m±m ) r(v/2 -s/2-^7li:-\-m -k) '--s)x^^ds 

27ri J r(v/2 + ^/4 + ^/2-l-m — A) Pa; (v/ 24 - i5/4: + ^/2 +^/idb^] 

c^i CO 

Subtituting the value of <^ ( 1 « 5 ) , we get 

/( 4 ;)=j_ T ~ ^/'^rxivl2 + s/2 + 1/4+ m±m) C{v/2 ~ s/2 + 7/4 ^-m-k) 

27^*^ J r (^v/2 + 3/4i“5/2 + r««i;j r;f (v/2 t 3/4 i“i/2 + w±m) 

0 — t CO 

r(3/4+iM-iO r(3/4+l/2v-^^.) - 5 

r(3/4+ix-ij) * 

Since I (x) is Self-Reciprocal, hence/ ( a?) = g (x) 

I offer my grateful thanks to Prof. Brij Mohan for his help and guidance 
in the preparation of this note. 
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tHB ESSEN riAL OiL OF MENTHA RIPERITA VAR. VULGAR ts 

SOLE (Black mint ) 

By 

V, N. VASHIST, M. C. NIGAM, K. L. HANDA end L. D. KAPOOR 
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[ Received on 19th March, 1963 ] 

ABSTRACT 

Meniha piperita var, vulgaris Sole (Black mint) has been successfully introduced in Jammu 
and Kashmir. The essential oil obtained from the localy raised plants on detailed chemical investiga- 
tion was found to contain I menthol 47*5%, menthone lTb%. menthyl acetate 8*4%, ^ymene 
1*9%, cadinene 1*6%, of-pinene 0*98% and limonene 0*96% 

A number of Mentha species grow in India, but none of them meet the 
official standards hence, the imported Peppermint oil is used in the Pharniaceu- 
tical and other industries. With a view to produce the Peppermint oil indigeno- 
usly suckers of Black mint were procured from Royal Botanical Gardens, Kew, 
England for introduction in Jammu and Kashmir. Black mint has better vegeta- 
tive growth and appears to be immune to rust attack. 

Detailed chemical examination of the oil revealed the presence of /-menthol 
47*5%, menthone 11*6;', menthyl acetate 8*4;^, /^-cymene cadinene 1*6%, 

^-pinene 0*98% and limonene 0*96%. 

The- physico-chemical constants of the oil under examination along with 
those of the European oil are given in table I given below : — 


TABLE I 


Particulars 

Gildemeister and 
Hodmann I 

Oil under examination 

^15 

O-SOl to 0-912 

0*905 

a 

D 

-20°0' to -33“0'. 

- 30“ 8' 


1-460 to 1-463 

1 461 

A. V. 

Total Menthol content 

Ester Menthol content 

Menthone content 

Solubility 

upto 1*6 

43-5 to 68-0% 

13-0 to 21-0% 

9-0 to 12-0% 

Soluble in 2-0 to 3-5 
vol. of 70% alcohol. 

0-06 

48-58% 

9*0% 

12-98% 

Soluble in 2 to 4 vols 
of 70% alcohol. 
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teXPEfelMEE^TAL 

Tke air dried leaves of Mentha piperata var. vulgaris (Black mint) raised here 
were steam distilled and gave 0*8 percent of the essential oil with characteristic 
odour* The oil was examined for its physicochemical properties. The results 
are given below : 

90 90 

^20 T461 ; —30^8' ; Acid value 0‘06 ; 

E. V. 25’6 ; E. V, after acetylation 18T4 ; Carbonyls (by oximation) 12*98. 

CHROMATOGRAPHIC SEPARATION 

40 g of the oil was chromatographed over 30 times Brockmann grade IL 
alumina, Elution were successively made with jpetroleum ether, benzene, ether 
and ethyl acetate. The results of chromatography along with physical charac- 
teristics of the fractions obtained have been incorporaied in table II given below ; 


TABLE II 


No. 

Eluate 


Vol. of 
eluate (ml) 

Wt. ot 
fractions (g) 

20 

“D 

i 

Petroleum ether 


50 

. 0*360 

■ 1-475 

2 

>> 


33 

0-340 

1*474 

3 

i 1 


33 

0*481 

1*490 

4 

J J 


100 

0*290 

1-491 

5 

> J 


33 

C-4/0 

1*470 

6 

3i 


33 

0-405 

1-457 

7 

33 


3 5 

0-440 

1-457 

8 

3 J 


1000 

0-810 

1*446 

9 

Benzene 


25 

1-840 

1-446 

10 

>3 


,, ■ 

1-510 

1-451 

ll 

>3 


,, 

1-400 

1-451 

12 

3J 


33 

1-665 

1-460 ■ 

13 

3» 


3 3 

1-590 

1-460 

14 

33 


33 

1-560 

1-460 

15 

31 


3 3 

1-360 

1-460 

16 

33 


3 > 

1-320 

■ 1-461 

17 

53 


50 

2-470 

1-461 

18 

3 3 


100 

2-840 

1-461 

19 

,, 


250 

4-040 

1-461 

20 

3 3 


3 3 

2-610 

1-461 

21 

Ether 


lOOO 

0-150 

1-470 

22 

Ethyl acetate 


250 

1-700 

1-470 
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mining of FRAGTIOtTS 

The fractions obtained by chromatography were suitably mixed on the basis 
of their physical charactersitics. The mixed up fractions were further studied 
for their physical characteristics. The results are summarised below in table III. 


TABLE III 


Fractions 

20 

^20 

*^20 

b. p. (G=) 

A 

1-475 

0-8524 

163—165 

. B 

1-474 

0-6523 

177-5—178 

c 

1-491 

0-8573 

175—176 

D 

1-459 

0-9245 

260—273 

E 

1-446 

0-9263 

227—228 

F 

1-451 

0-8946 

209—210 

G 

1-460 

0-8991 

209—211 

H 

1-461 

0-9003 



0-9'5^ n-d Curve of Meniha 'pi-perita 

var, vulgaris ^A-CSUckminO 


o-ya. 
0-91 
090 
0-804 
0 88 
o-8r_ 
086_ 
0-65. 


isr 




Caciir>eyr0 


Caranyl au'efaii 


/.t na(y/ (ucc iafc. 
o 


yVen^yL aerate 


\ 


\ SisaboUite 


- l^mene 

£ , U p phella yuir-e^ 

^ y i«.r-pl'nje*ve 


9oLb^tJt&Hje 


^ /iumonat-iQ 


1-46 1-47 )-4S 1-49 150 l-SI 

f’^1 

Fig. 1 


£0 
n 0 


IDENTIFICATION OF COMPONENTS 

P-Pinene : Fraction 1 (A) (table TI) appeared to be /S-pinen& on the basis of 
its physical properties. The n-d curve (Fig. 1) further supported this view. It 
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gave no precipitate with ari alcoholic solution of mercuric acetate, even after 2^^ 

days, thus indicating the absence of a-pinene in it. 

Limonene : Fraction 2 (B) (table II) was very close to litnonene with respect 
to its physical properties as evident from the n-d-curve (fig. 1). it gave positive 
response to Liberraann- Burchard test^ for limonene. When treated with vapours 
of bromine in the ethereal solution, it gave tetrabromide m. p. 104-5^0. The 
tetrabromide showed no depression in the melting point on admixture with an 
authentic sample confirming the presence of limonene in the fraction. 

P-cymene : Fractions 3 to 4 (C) (table II) were characteristised as p-cymene 
through n-d- curve (Fig. I), It yielded p- hydroxy isopropyl- benzoic acid m. p. 
153-1 d 5°G when oxidised with aqueous potassium permanganate as described by 
Wallach®. 

Cadinene : Fractions 5 to 7 (D) (table II) were found to be mixture of 
cadinene and menthyl acetate as evident by the n-d- curve (Fig. I). It gave the 
colour reaction characteristic of cadinene as suggested by Wallach^. 

Menthyl acetate : Fraction 8 to 9 (E) (table II) had a pleasant fruity odour, 
reminiscent of peppermint. It gave a positive spot test for acetate-esters as 
described by FeigF. On saponification with 0*5 normal potassium hydroxide 
solution the fractions gave menthol which was identified by its further oxida- 
tion with Beckmann mixture. The oxidation product gave 2:4-dinitrophenyl 
hydrazone m.p. 145®G. Mixed melting point with an authentic sample showed 
no depression. 

Menthone : Fractions 10 to 15 (F & G) (table II) resembled menthone in 
their physical properties. The identification was carried out by preparing their 
2:4-dinitrophenyl hydrazone m.p. 145°G. In no case depression was observed 
when admixed with an authentic sample of 2:4-dinitrophenyl hydrazone which 
further confirmed its presence in the fractions. 

t- Menthol : Fractions 16 to 22 (H) (table II) had a powerful peppermint like 
odour and a cooling taste. The physical properties confirmed with the values 
reported in literature. On oxidation with Beckmann mixture it yielded menthone 
which gave 2:4-dinitrophenyl hydrazone m.p. 145^G. No change in the melting 
point was observed when a mixed melting point was taken with an authentic 
sample of Z-menthone 2:4-dinitrophenyl hydrazone. 
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ABSTRACT 

A generalisation of the Hankel transforcn has been given by Mebra (2) in the form 
CO 

g {x) = (J)’' J {xyY'^^ k I, m (>") 

O 


where 


X .F^ ( 

' 1 - 


H-A:-77z, v + 1 — w7 — 3^ 


2m, v-fl — m- 


). 


<i-i) 


In this paper we have obtained a number of kernels with the help of two main theorems eivf*!! 
by Mehra (2}. ^ 

1, A generalisation of the Hankel transform 

OD 

g(,x) = j Vxy (xy)fiy)dy, 

O 

has been given by A. N. Mehra [2] in the form 

^ ^v, k+h,m y) 

o 

V S r(2m) F (v+ 1 -m- 3fc) 

y-v,k^\,m''> k) {v-\-\ ~M-2k±m) ^ 


( 1 . 2 ) 


(1.3) 


He calls g {x) in (1.2) to be the Xv, m -transform of / (a?) and has shown 
that the reciprocity formula holds for this transform also, i.e. if g { 3 ^ is the 
Xv k+^ m —transform of f (a;), then so is/ {x) of g {x). In case g {x)^J {x) i.e, if 
/(a;) is its ownxv k-^i m -transform, we say that / (^) is self-reciprocal in the 
Xv fc-i-i m ““transform or that/ (;t) is R^, . It may be noted that on 

putting (1.2) reduces to (1.1). 

The object of this paper is to End out certain kernels by using two theorems 
of Mehra [2] given in the following section. The importance of these kernels lies 
in the fact that we get a number of kernels deduced from these as particular cases 
by suitable substitutions. 
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2. We shall us© the following two theorems of Mehra [2] ; 
Theorem If / (a:) is + w) and 


c-j-too 

P to = -L f 2‘ T>. (v/2+j/2 + l/4-A:±w) (/I./2+5/2+1 /4 - i±«) 

27 Ti J . r (v/2 i-f/2+ 1/4-2 k.) T (f^/2 + i/<!+i -2 /) 

t?0 


CO (5) ds. 


where 0 < c < 1 and '^(5).= 

CO 

then g{x) = j f ( ji) P (;cj) dj> 

O 

ny I*! other words, P (x) is a kernel transforming (k+ y m) 
(i+i. n). 


( 2 . 1 ) 

( 2 . 2 ) 

C2.3) 
in to 


Since the result is symmetrical in v, k, I and m, 71 ; a kernel P (x) which 
transforms m) eflfects the converse transformation. 

Theorem 2. If/ (a;) is R^ and 


c-f-too 



r„ (v/2+r/2+ 1/4 - A±w) r, ixl2-sl2+i- l±n) 
r (v/2+f/2+ l/4-2fc) r (/^/2-j/2 + i~2 /) 


5 (i) AT® 


where o < e < 1 and 5 (r) = 5 (1-s) 

00 

theng(A()« |’/(a:;i) P (;>) 


(2.4) 

(2.5) 


is R 


n}’ other words, P (x) is a kernel transforming R^, 2 into 


R 


P- {l + h «)* 

3. Consider the function 
— ^ffl+4, m 


“ 1 . 


Op, vl2-2k, m/2-2 / 


P+ , p+A 4 , v/2-fc+OT, 1^12 -l±n, , bp ^ 

where OT < j> < 2m+l. 
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\/ a: 
2^1 


By definition (II), p. 207 this equals 

m m 

a-|-ioo II r (^: — i) IL r (I— t) [9^12— l±:n -t) 

C JrL _ ^ 

J p p 

a-ioD II T(l~Z?j4-0 11 r ((3j - i) r (v/2 — 2A;-f) 

J=sm-hl J=//i+l 

T^(Tl2~t-k±m) / \t 
r (/V2-2i-0 \ 4 / . ‘ 

Note Fx — r (a-^-b) F (a*^b) ; a±^ = 

On replacing t by we get the function 

m ^ 


c+ioD 2^ H T(i+6j+s/2) 111(3/4-^3- 

1 r Jzi_ J=L: - 

2’f‘ J P ... 


s/2) n(M/2+i/2+i-/±n) 


/- ioo y 2 II r (3 /4- - s/2-) II I (4 +aj + s/2j f {yjt-^sl2+l ~ 2k) 
J =m -h 1 J = m + 1 

r.{v/2 ■\-i + sl2-k±m) 

r(/^/2+s/2+4-2i 


This is of the same form as (2.1) -with o < e < 1 ati<I 


772 i/t 

II r(4+6j+s/2) II r (3/4-Oj-s/2) 
< 0 ( 3 )= J=1 J = — 


m 


P ^ 

V2 II r (3/4 - *5 -s/2) n r (l/4+aj+s/2) 

J = m+1 J = "J-+-1 


This satisfies the functional relation (2.2) if 

aj'4'^i ~ 0 , J=l, 2, J p' 

Hence we find that 

^m+4, m / ^ I “ 

p+2,/i+4 W j vl2-k±tn, Pj2-l±n, bi_ 


s/ % G. 




u-^i I'bjf 

m <p < 2m-t-l, _ (3.1) 

is a kernel -which transforms m) into (i + “ 

accordance with equation (2,3). 

Partioalar cases : Giving suitable values to the parameters in (S-^YtLkVr 
deduce a number of kernels. In the following example A is a cons a P 

independent of Pi everywhere. 
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^ " '^2fc+4, 

^ -^4.0/ ^a;’'/2-2A,W2-2i 

,= A v^a; G ( j y . 

^ I ^/ 2 -fc±w, M/ 2 -/d:« 

is a kernel transforming (^+ 4 > into I (^+ij ^)' 

C'O «’’+* x^+, 

— ^ . 't+i, m \ 4 / 

- 51 / va 1 -W 2 + 2 fc. f‘/ 2 -i±m, v/ 2 - 2 /, /^/ 2 - 2 fc 

= A a; G r — ) . 

57 \ 4 nj2- k±m,vf2-l±n, I^l2-2k,-t^l2-k±m ' 

is a kernel transforming a (^+4, m) into (& + 4, m)- 
(iit) / + 2'”+3 it (a:/2) 

_ 40/^3 v/2+m + 4, v/2+m . 

^ K G ( ^ ] 

^4^4) ^^2, v/2+m-fl, v/2 + 2m, v/2 + ot + « ' 

is a kernel transforming R^, (^, m) into R^ (o, n), 

where ^=: v+ 2 m — 2 n, [ 2 , p. 288]. 

40 / „2 /'■/2 — »M + /*/2 + 1 + ?n — A 

s A v/;c G„^ ( * ) 

24 ^ 4 1 f*+l/2, M/2-i-2m, ^‘/2+4+2fn 

is a kernel transforming R^ (fc, m) into R/j. 4-1 (i~k,-m - J). 

(')'’■+* x^+, t„(-lv 

“2 } K, ^ \ ^ / 

51 / v2 \k-m-h-iJ‘/2, l^j2, it-l2 + 2m, v/2-k+m+i, f^l2+i+m-k . 

= A V* G ( -7- j ) 

37 4 j ^^ 2 , v/2, /^/2+2m, v/2+2-i, IJ^I2+i+m- k,- 1^/2,- l^l2-2m'- 

is a kernel transforming (k, m) into Rj, {k, m), [2, p. 289]. 

/ .X v4-2m - hx . 

W' ' ' ™2S.i,-2mW 
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v/2-f 14-771 —i, v/2+l-l-^“^ 
v/ 2 ; 9 4 + 1 ^/ 2 + 2777 , v/ 2 +* 27 n ) 

is a kernel transforming R^, (A;, r/z) into (A^j ?«)• [2, p. 288]. 

4. Consider the function 




-fi/2+^+n, /Ay2-*i-n, flg,..* , p v/2--2A; 

v/ 2 -A:+ 777 , ^ 3 , , A^/ 2 +- 2 / 


By definition [ (i), p. 207] this function 


= Y^ / 


+ io3 T (yl2-k±m~l) II I (6j-<) T (l+fi/2-i±n-i) 

J = 3 




p-1 


2”* a-fx> li * r(i-6i+o r (i+/*/ 2 - 2 i+fj "ir r(aj-i) 

J=m+1 J = m4-1 




II r(i-flj+o 
J = 3 


V{vl 2 -ik-t) 

On replacing f by - we get the function 


.(»V rfn 


£-(-toD fi fv|2-)~s/2-j- 1/4 — ^db*w) II r (l/4-|-6j-|-£/2) 1 t (3/44-A‘’/2 — sl'l — l 4- n) 

if J = 3 

2 «J 


f-iM II r (3/4-6j-i/2j r(/i/2-2/-i/2+3/4; 11 r (< 2 j+j/ 2 +l/ 4 ) 

J = rn-f- 1 J = m-{- 1 

m 

11 r (3/4-flj-i/2) 

J "" 3 J 

r (v/2-2A;+£/2+1/4) 

This is of the same form as (2.4) with o < c < I , 


where 


to (i) = 


m m 

II r (i+6j+f/2) II Kl~a;-sl2) 
J-3 J=3 


p-1 pi 

2 II r(f-ij-s/ 2 ) 11 I(i+aj+i/ 2 ) 

J = ?7i+1 J = m+1 


which satisfies ihe functional relation (2.5) if 
=0, J = 3, 4, ,p- 1. 
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Hence we find that 


tjx G ( 

pp \ 


^ - ^ 3 , “ I ’ 

vl2-k±m^b^, - ^/ 2 + 2 / 

2ifn > p >m, 


) 


(1.1) 


is a kernel transforming (^+i, ni) into R^, ^ 0 » 


4.1. Part cular cases : Giving suitable values to the parameters in (4.1) we 
can again deduce some kernels as particular cases. A is a constant multiplier 
independent of x everywhere in the following examples. 


- 22 
®33 


(*a 


" 4^ —2^ 


vl2 — k±:m, ^ 

is a kernel transforming Ry (^4-4, m) into R^ (/+ 4 , «). 
v/2 + 2m+2ii+f, 4 


(») aFi[ 


v/2d-'2wz + 5/4*4-72 - 1 


1 -^] 


-ava? G' 


33 

55 


(■ 


v+4m v-f4m n v+4ot 12 

— ^ — Z,72, — , 


,cy v 447?2 . — V-f47W — V + 4??2 t 

v/2, .-i, -2 ^ 

is a kernel transforming (i&m, m), into 4 ^ (/, n). 


) 


(ta) V* G 33 ( 


- /^/2, - 1^12 - 2b, v/2+i+OT - A 

v/2, v/2+27?25 — 


Is a kernel transforming Ry (^, ttz) in R^ (i, n), [2, p. 290J, 

1 wish to express my respectful thanks to Dr. Brij Mohan for his guidance 
and help in the preparation of this paper and to Dr. Bhagwan Das Agrawal for 
several suggestions regarding improvement thereof. 
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ON THE GENERALISED HANREL f RANSFORlvts 


By 

S. P. SINGH 

Deparimet oj Mathematics, Banaras Hindu Univesity, Varanasi-5 
[ Feceived on 23rd January^ 1962 ] 


ABSTRACT 

Agarwal (1) gave a generalisation of HankeLtiansform in the form 


/W = (if j + ^ Jy 

o 


( i ) « -(;;) 'O'- 


Some properties to this transform have been given by Agaiwal. In this present paper some 
properties in the form of theorems are given which are mainly helpful for cvaluatiiig ii finite integials. 
The enunciation of one of the theorems is as follows i— 


theorem 1 : If W is the Meijer-transform of/{;c) andf{x) is the -transform of g (x), then 


0) = J g (j) ^ (y) 


CO 

when ^ {y) = 2 
r =0 


(- 1 / 

r! 


(j ,/^)UY + 2r + 

2Y+2r r(l + y+Air).r(y + 2f-2A+3/2) 



provided that the integrals involved converge absolutely, 
R (y + r/2-fcdbm) > o arid 


1. Agaiwal [1] gave a geneialisation of tie Hankcl transferm by means of 
tbe intfgial equation, 

cd 


/W = (if J 

- * o 

• (1.1) 

Jv W = ,1 > » 

(1.2) 


Some well-known properties and certain inversion formulae to this transform 
las been investigated by him [2J. 

Ram Kumar [4,5] has made a notable contribution to this field by givirg a 
trai sform in a more convenient firm. 

The object of the paper is to investigate some properties of this iransfirm 
and apply them in evaluating certain infinite integrals. 
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2. Theorem \. If ^ (j) is tlie Meijer-transform of/^*) and / (*) is the - 

transform of g (jc), then 
00 

^ (0 = J s U) f (y) ^y> 

o 

where 

% (il’I r. (y+2r+3/2-fcd.»0 ( 7 /^)^+^+^: 1 (2.2) 

r=o rCl + r + Mr) r (Y + 2f+3/2-2A) 2‘‘' + 2»' 

provided that the integrals involved are absolutely convergent and R (y + 312 -k±m) 
> o and o < M 1 . 

ProoJ : The Meijer transform of ^ (s) will be given by 

CO 

O 

CO 

and/(*) = J" Jy (i (^) 4)'* (2'^) 

o 

Substituting the value of/ ( a?; from (2.4j in (2.3) we get 

00 00 

= S J isx)~^~^ e~ ^ + J Jy (y) 

O O 

Changing the order of integration, which is justifiable, we get 

^ («) = (i/ ^ J" y’’''^^ gU)^y j ^k + i,m 

o o 


JX , ~ . 

Expanding (x) in ascending powers of x and then evaluating the integral 
with the help of an integral due to Goldstein [3], viz, 

W t'+ii”) > '>• 

o 


we get 


CO 


<p(y) = J s(y)'f'(y)^y, 


*T(a±d)= rca + h) r(fl-6). 
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where 


(j) = I (zl)’’ r;, 

r=o r(l + y+Mr) T (y+2r + 3/2^2k) 2 ^ + 2r ’ 

provided that R {y + Sl2-k±m) > o and o < /^ :^ 1, and the integrals involved 
converge absolutely. 

The change in the order of integration will be justified if the integrals 

CO 

(i) J a *2/) g {y) dy, 

b 

and 

OD 

6 

arc absolutely convergent. Assuming (i) to be absolutely convergent, (ii) converges 
absolutely if R (7 + 3l2-k±m) > o, and o < A < 1, 

In order to illustrate the theorem the following example is worth mention. 


E^rnpu. L« /(.; - a/'" ' 


and g (f) e * 


where o < ^ 1 and R (7) > - 3/2. 

Now, 

CD 

^ (s) = J g (y) f iy) dy 

o 

= % .(zi/ r, (y-fc+2rdb»n+3/2) ^ |+y + 2f 

f =0 r(l + y + /if) I(y-i-2r-24+3/2) 2^+2^* J ^ ^ 

Integrating term by term, which is permissible, we get 

A(A=_J 1 (-!)’’ (y+2r+3/2-A:±m) r(f+Y/2 +r) f-(i + Y+20 

2y + l ,=o r (l + y+^r; i [y + 2r-2k + 3i2) ^2f ^ ' 
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provided that o < ^ I, R (7/ > — 3/2, R (7 + 3/2 — fc±m) > o. 

A\ 0 

O 


y 1 r(y/ 2 +f+r) 



s (-1/ T(7 + 7/2+f) ml +7 + 2r 

=o »■> r(t + 7 + Mr) ^ 


J <"> 


o 


fc-i ,-iJA: 


W 




(rA:) 


^i +7 + 2 r 

= 2 ( -1/ r(7/2+f+r) a^l+V +2f ^-(if7 + 2r) r 7-& + 2r 

r = o *'* r(t + 7 +/^r) J 

o 

=* I (-1/ r(r + 7/2+f) ^ Fx (7-fef2rf 3/2±w) 

f=o r(l + 7 + A‘7) 2l+'>'+2r r(y^2r-2fc+3/2) ■ 

provided that R (7 -i+-3/2im) > o, R (7) > - 3/2 a id o < fi < 1. 

Thus tac theorem is verifiid. 

3. Tieofww 2 : — It (j) be the gcaeralised Laplice transfpam of/(^f) namely 

CO 


givftii by Varma [9] 


and/ (a:) is the - transf )rm of g (x) then 

CO 

^ U) = J* f O) i' U) dy ■ 

o 

where 

^ iy) ^ (4)”^ s ^ (-1) (4^)* Tx (Y ■{Tn + 2r^^3l Ij^m) y-j-^_|,2r 

( 530 j 



provided that o < M ^ 1 and R (y+m+3/2±m) > o and the integrals involved 
converge absolutely. 

Proof of this theorem is similar to that of Theorem 1. 

In order to illustrate the theorem the following example is worth mentioning : 
Let g t*) = [x) , 


and / (*) = 


Z+i'? ( -1/ f (l+Y4-f ) £-x^)’' 

f=o ^ (l+V+f^r) 


o < P- ^ \ R (7) > - 1 . 


Therefore 



= (-1/ r;c (y+2f+m+3/2±m ) f y+2f+l 

r=io r (l-j-V+^O r (y4-2r+2 - J 


ky {y) dy. 


Evaluating the integral, we get 


(-1/ r(l+y+0 Tx (y+2r+3/2+^m) 

^ f =0 W 3+^+2t £{l+y+Pf) Tiy+ir+l-k+m) 

Also, 


4> (s) 


/ 


-isx 


(sxj 


m-i 


^k.m 


00 

r =0 


( -1/ r(i+y +0 .W+2r 
r (i+y+f^O 


» (_I)^ .- tW+20 r(i^-v+^) 9 y+„+,, 

,4 r(i+y+/^r) J 


Evaluating the integral we get 

<2 f-1/ f a-l-y+r') Tx ( Y+m+2r+3/2j:ffl) 

% Jo r (l-V-y+f^r) r (y+Jn+2r4-2-fc) 


Thus the theorem is verified. 
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feFtEGT OF SOtL AND FOLIAR APPLICATION OF NITROGEN ON 
THE CHEMICAL COMPOSITION OF PENNISETUM TYPHOTDEUM 

(BAJRA) 


By 

N, S. SINHA 

Regional Research Centre, Pirrcom, Kanpur 
[ Received on I5th February, 1963 ] 

ABSTRACT 

1. Protein values of bajra seeds improved due to the nitrogenous fertilization either through 
soil or leaves. 

2. Fat content of bajra was not affected due to manuring. 

Bajra is predominently a crop suited to light soils and regions of low 
rainfall and can be grown in tracts receiving a rainfall of 16 to 20 inches per 
annum. Bajra is an important food crop in Maharashtra, Gujerat, Rajasthan, 
Madhya Pradesh, Andhra Pradesh and some parts of Western Uttar Pradesh. The 
quality of Bajra like any other crop is governed by climatic conditions, soil diffe- 
rentiations and agronomical practices. 

Agricultural Chemists Madras State (Anon 1956) observed miximum amount 
of nitrogen and potash in the bajra grains from Dhaincha green manured plots 
while those from compost treatment contained the highest amount of phosphoric 
acid thus establishing the superiority of green manure. Ghavan (1958) concluded 
higher albuminoids, fat and mineral content in Bajra grain than the jowar grains, 
Mehta and Shah (1958) found less variation in potassium, calcium and magesium 
contents in bajra grains than in stalks with leaves. Phosphatic manures increased 
the phytin phosphorus and total phosphorus while cattle urine decreased them in 
bajra grains hence the grains from phosphate fertilized plots were inferior in 
nutritative value than from cattle manure plots (Anon 1956). Absence of iinolenic 
acid in the bajra fat was observed at Regional Research Centre, PIGGGOM, Kanpur 
(1962). Bajra is reported to have a higher lat content than other millets (Krishna* 
Swamy, 1962). The present investigations were m^de to see the effect of nitrogen 
applied through leaves or soil on the quality of Bajra grain. 

MATERIAL AND METHODS 

Bajra seed samples were collected from each plot at the time of harvesting 
the crop. These were cleaned of any other foreign material and stored in air 
tight bottles. 

Moisture and protein were determined by A. O* A, G, methods (1955); fat 
by extracting the ground seeds with light petroleum ether in SoxhlePs apparatus. 
Ash and crude hbre were determined by A. O, A. G. (1955) method, carbohydrates 
were determined difference. 

Data and discussion 

Moisture, fat and protein contents were determined in the seed samples of 
each plot and are given in table I. Ash, crude fibre and carbohydrates were 
determined in composite samples of each treatment and are reported in table XL 
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tABLE t 


K4oisture, Fat and Protein content in Bajra as affected by soil and foliar 
application of nitrogen 



Treatments 


1 

Replications 

2 3 

4 

Average 

1. 

O lb. N/acre Foliar 

Moisiure% 

13-06 

12-82 

12-24 

12-03 

12-54 



Fat% 

4-15 

4-26 

4-98 

5-05 




Protein 

7-63 

7-40 

8-30 

8-31 

7-91 

2. 

10 lb. ^/ac^e Foliar 

Moisture% 

12-94 

12-70 

12-61 

10-93 

12-29 



Fat% 

4-52 

4-78 

4-04 

4-73 

4-67 



Protein% 

7-81 

8-29 

8-28 

8-35 

8-18 

3. 

20 lb. N/acre Foliar 

Moisture% 

13-27 

12-51 

12-28 

11-55 

12-40 



Fat% 

4-82 

4*51 

4*08 

4-97 

4-60 



Protein % 

7-38 

8-31 

7-85 

9-03 

8-14 

4. 

0 lb. l^'/acre Soil 

Moisture^ 

12-84 

12-83 

12-40 

10-98 

12-26 



¥at% 

4-57 

4-15 

507 

4-95 

4-60 



Protein% 

8-06 

7-41 

8-09 

8-13 

7-92 

5. 

20 lb. N/acre Soil 

Moisture^ 

12-68 

13-21 

12*38 

. 10-62 

12-22 



Fat% 

4-60 

4-29 

4-82 

4-76 

4-62 



Proteii.% 

8-13 

7-87 

8-31 

-788 

8-27 

6. 

40 lb. N/acre Soil 

Moisture % 

12-70 

12*20 

12-41. 

11-21 

12-13 



Fat% 

4-46 

4-67 

4-44 

4-92 

4-62 



Protein% 

8-29 

7-63 

7-84 

6-33 

8-02 


Correlation Factor : — 


Moisture and Fat = 0*7708 

Moisture and Protein - 0-3248 

Fat and Protein == 0 *^j041 
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^ABLE li 


Ash, Crude fibre and Soluble carbohydrates in Bajra as affected by soil and 
foliar application of nitrogen 



Ireatments 

Ash% 

Crude Fibre% Soluble carbohydrates^ 

1. 

0 lb. N/acre Foliar 

1-58 

2-47 

70-01 

2. 

10 lb. N/acre Foliar 

1-58 

2-67 

70-91 

3. 

20 lb. N/acre Foliar 

1-62 

2-27 

71*02 

4. 

0 lb. N/acre Soil 

1-63 

2-23 

70-02 

5. 

20 lb, N/acre Soil 

1-60 

2-40 

71-24 

6 . 

40 lb, N/acre Soil 

1-60 

2-39 

71*24 


Protein and Carbohydrates 


= 0-8026 



Protein and Fibre 


= 0*2980 



Fibre and Carbohydrates 


= 0*1103 



Ash and Fibre 


= 0-5518 



The variation in range of moisture and fat (Table I) had been narrow and do 
not appear to have any relationship with either forms of manuring. Higher 
protein content was recorded in seeds where nitrogen was applied either through 
leaves or through soil. As regards protein content higher dose of 20 lb. nitrogen 
through leaves or 40 lb. nitrogen through soil did not pro\?e superior over 10 lb. 
nitrogen through leaves or 20 lb nitrogen through soil. However soil application 
of nitrogen showed highest protein content. The application of nitrogenous 
manures did not suppress the fat content. No negative correlation was found 
between fat and protein contents as in the case of oilseeds which is an interesting 
observation. 

The ash and crude fibre (Table II) contents were not affected due to nitro- 
genous fertilization. Their variation range is also very narrow. Higher soluble 
carbohydrates were noted in seed samples where nitrogen was applied. The 
interesting observation that the fat content of Bajra is not affected due to nitro- 
genous manuring while the protein value improves was confirmed in these 
studies also. 
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ABSTRACT 

A generalisatioD of the Hankel transform 


CO 

g (*) = J Jy ixy)fiy) dy. 


has been recently introduced by Roop Narain (4) in the form 

00 

g W = (i)’' J k, m >^)/(>) ^y- 

o 

He has established certain kernels in this transfer m.j connecting different classes of self-reciprocal 
functions. Some more new kernels have been investigated by R. K^.- Saxena (5), In this paper 
some kernels, following in the main the methods. , given by R. P. Agarwal, have been investigated. 
These kernels are the resultant of two kernels and the resultant of two self-reciprocal functions. 

1. A generalisation of the Hankel transform 
00 

g (x)= r -/xy {xy)f{y) dy, 

° ' (1.1) 
has been recently introduced by Roop Narain in 1956-57 in the form 


g (x) = l/2v J Xy^ k, m '^y> 


where 


k, m 


{X) 


v^k + m+i 
V, v-[- 2??2,— ‘2m, 0 


‘ He calls g (x) in (L2) to be the Xv, k, m “ transform of / (x) and has proved 
that this transform is reciprocal like the Hankel transform, i*e, if^ (x) is the 
Xv, k, m -transform of / (x) so is / (x) of g (x). In case g (x)=f (x), i,e, if / (x) is -its 

own Xv k transform, we may call it self-reciprocal in the Xv, k, m ^ transform ; 
and may be denoted by R^ g. It may be noted that on putting fc+m=i ; 
(1.2) reduces to (1.1). 

He has established certain kernels in this transform connecting different 
classes of self-reciprocal functions. Some more new kernels have been evaluated 
by R. K. Saxena. The object of this paper is to investigate some more new kernels 
and also to find out some kernels, which are the resultant of two self-reciprocal 
functions and the resultant of two kernels respectively. 
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2. Roop Naraia^ has proved that the necessary and sufficient condition for 

a function / (4 of A (a, a) to be is that it should be of the form 

C “f* tCO in 

_ 1 C 2/'^ rx(v/2+5/2+i+m±m) 

c - ICO 

(2.1) 

where ( 5 ) is regular and satisfies the equation 

(2-2) 

in the strip a < u < 1 - a. (2.3) 

Here we are giving some rules connecting different classes of self-reciprocal 
functions. We have assumed that / {x) is integrable in ( 0 , co ) and the integrals 
involved exist. 

3. Rids 1. If/(«) is Ry and 

O (x) = f (/A^2+|-5/2+ni:«) (v/2 + 5/2+ j j- mjzm ) . sx , 

2^1 J , r(v/2+5/2^f-i-m-^) r(^/2-5/2-h5/4+7i-Z)^ ^ ^ 


a: < 0. 


where c is any positive number and <«> (y) satisfies (5.2), then 
g(*)=l/*J* Q,(.logxly)f{y) dy. 


> (i. «)• 

Pro^ ; /(*) is R 


V (&, m)‘ 


1 2*/^ r 

Therefore,/ (*)= f 

2 Kij r 


fx (yJ2+sj2-\-i+m ±im) . . . — >• 

r(v/2+5/2+i + m-'Xr^W* 


+;f » W ... 


2^/^ rx(v/2+r/2+i+m±m ) 
2^f u ^ X (vj'2~^sl'2‘^^-\-7Ti — 




1 )m q 
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(3,4) 



Now, using a form of Mellin’s Inversion formula^, from (3.1) we have 

r” -.a n ^ \ w ( N2-sl2+l+n±n) T^(vl2+sl -ri+m±m ) ^ 

) e Q.iu) du f (yi2J^sl2+i+m~k) T (|J■l2+sl2+5|i+n-l) 


Writing 1 - f for 5, we get 


r°°0 (u's da - W2+^/2+i+«±«) (v/2 -sl2+^+m±m) . . 

j (l{u)e da - j;,^^-72-f/2+5/4+m-0 t'W2+^/2+S+n-0 “ 


because <o (s) satisfies (3.2). 


Therefore, 

- hf 


-kj 


.<+ico 2^/2 f^^^^i2J^sI2+i-{-m±m) I^{!^l2r\-^j2r^i+n±n) 
r(v/2+j/2+|+m - k) r (v/2+j/2+5/4+m -fc) 

-(03 

fw (v/2- ^/2-l-|ri-Jn±?7i) \ -i . 

‘+“ 2liAWL+i/i±i+5±i)*(,),-< i,. 

T(_p.l 2 +sl 2 +i+n-l) 


A M- (yl2+sl2+i+m±m) r„ (v/2-i-/2-ff+?n±m) „ , . , 

^ “ T{vl2+sl2-H+rn~k) T (v72 - j/2-(- 5/4-f-m - i) ^ 

and ^ (f) satisfies (2.2). 


Hence g (x) is R 


> (/. «)• 


4. Corollary: If /*=v in the above theorem, we get a corollary : 
If / (*) is . the function 


g ( *) = 1 /« J Q. (log */j) / ( J>) <lj>, 


is R^ provided that 

= kf 


= O 

where <0 {$) satisfies (2.2) 


o {s) dSf > 0 


;v < 0. 
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The converse theorem will be like this : 

(«) If; (*) is Ry andg (x) is thea Q (*) will be given by (3.1). 


Another theorem of a similar nature may be given in the form ; 

(b) If g (x) is R^ and Q,(*) is given by (3.1), then / (*) is R^ and 


will be given by 




.c+i<=o 


c — tco 


* (s) X 

r(i+iv+is+m-k) 


ds. 


where % (s) satisEes (2.2). 

(A) From the corollary, when l^—v we have : 
If/ (jf) is R^ and 


g (*) = 1/* J 0. xly) f ( !<) 




^C+ZCO 


Q(a:) = -^J ^ (0 ^ dx, X > 0 

c — fco 

= O, iv < a, . 

where (y) satisfies (2,2) 

(B) Another theorem will be : If ^ (a:) is given by the relation 


g (*) = 1 /a: J 0, (log xly) f (j) dy 


“ (k,m) 


, .c+tco 

Q,W=-^J 4>(s)e’‘^ds, X> 


c-'tco 


o. 


X > 0, 


then 


/ (x)= ^ + ,/y rc) 

2771 J r (v/2+./2+f+?7z- A:) ^ 


X ^ ds. 


z; - tco 
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5 v Rule II. If / (x) is R /, and 

' ' V (fc, m) 

Q,(x) = ^ 2 *^ Fx (v/ 2 -) fx (P/ 24 '^/ 24 ~i+” j:" J „ 


r ( v / 2 + i ; 2d - u-T m A ) r W 2 +^/ 2 + i+n - o 


= o 


<0 W e“ d., 
* > 0 

?«<o ( 5 . 1 ) 


then g (*) = j Q,(/og Ijxji)/ ( j) dj-, 

O 

is and «> (^) satisfies ( 2 . 2 j. 

The proof is similar to that of theorem 3 . 

The converse theorem will be : 

l(f{x) is and g (xj is R^ then 

O(^) = 2- f, (v/2 +s/2+i + m±m) T , (l^/2+s /2+i+a±n) 

2m J r (v/ 24 -i/ 2 +i+_m-i) r(/*/ 24 -f/ 2+|+«-0 


> 0 , 
X < 0, 


f \ j 

ct) (s) e 


and CO (j) satisfies ( 2 . 2 )* 

The proof in similar to that of ( 4 ). 
Another theorem is : 


Ifg (*) is R^ and Q,(;f) is given by ( 5 . 1 ) then/(A;) is R^ 

6 . Roop Narain has given the proposition : 

If/(*J is R and 


k = J_ 2° T,{vl2+sl2+i+m±m) T, ( m/2+^/ 2+H«±« ) a ,a d, 

^ 2«J . T(v/2+s/2+|+m-A) r(/*/2+.t/2+t+n-0 

. c — ^00 

( 6.1 

where <i> (x) satisfies ( 2 . 2 ), 

r" 

then g (*) = J /(J’)^ (*!') ^ j; 6 d 
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is fi. 


> (/, n)- 

The coaverse theorem of this will be like this : 

Theotim : If / (*) is and g (x) is then k (x) will be givdii 

by (6.1). , - - 

Multiplying (6.2) by ~ ^ and integrating between o and co we get 

CO 

J" g(>(j / ()’) k (xy) dyC x*-^ dx. 

O O 0 

Changing ihe order of integration, if permissible, we get 

CO 

J X^^g{x,dx^j” f (y) dy k (xy) dx, 

O O O 

On writing u for xy we get 

.CO 

J gix)dx = ( “ y- f (,) dyf^ tt»-l k (u) , 


^ du. 


Now/ (*) is R^ and g (x) is R^ 


Therefore, 

/(*)= -i — r 2“'^^ Fx (.vl2+s/2+i+m ±m) . . , . 

2 ^ ->' . r(^2+sl2+i+m-k) 

t — t&3 

where f (j) is regular and satisfies (2.2). 

By Mellin's Inversion formula K 

OD 

r *•*' J (*) dx =?!^!_ik(!/2+f/2+i+»i±'«) X /x 

s' r (v/2+s/2+|+^-:r) 

Writing l-.j for s, we get 

r X-' / (x) I'x (v/2~j/ 2 + f , , , 

s' ^-a-sj2+5ji+m~k) 

a» (j) satisfies (2.2). 
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And similarly, 


f p (X) dx = 2!^A0|/2±f/2±i±^ (,) 

j * iwax f ^^^2+f/2+i+»-0 ^ 

o 

where ( 5 ) satisfies (2.2), 

Therefore, from (6,3) we have 

tr \ .-1 j 2»/» fx ('/J'/2 + ^/2 + i + nd:n) T (v/2- sIl+SjA+m-k) ( 5 ) 

J (“)“ “ Tx tv/2 -j/2+|+nt±w) r (W2+^/2+i+n— /) ^ (0 

O 

2»/8 r fv/24-5/2 + i+wdr ffl) fx {P-l2+sj2 + i + n±n) ^ 

“r(v/2+172+s+>w - *) r (f‘/2 +^/2+i+» - 0 

, 1 r (v/2 - sl2+5 li+m -k) r (v/2+ V2+g+m - <f>, (s) 

where ^ ^ (v/ 2 +i/ 24 -i 4 -m±m) Tx (v/2~s/2+i+m±?n) </' (i) 

Hence ^ (j) satisfies (2.2). 

By Mellin’s Inversion formula^ we get 


k(x)== 


27r 


rl 


■c+ico 2«/2 Tx (v/2+^/2-f Tx W2+5/2+i + n±«) 


c • iCO 


r* (v/2+//2+i+m- fc) r (/‘/2+^/2+i+n- 0 


^(s)x ^ df, 


Thus the theorem is established. 

Corollary : If g (*) is R ^ and k (x) is given by (6.1) 

then/(?:) will be given by 
-e+ico 




c^t CO 


2*^3 fx (yl2+ s l2+i+m±_Tn.) , 

r(v/2+i/2+S+«-fc) 


where ^ (0 satisfies (2.2) and hence will be R^ • 

He has given another rule in this from ; 

8. If/(*)isRv(fc,m)^''‘^ 

1 fx (v/2+^/2 4 i+m-hm) - .y/2d-i+”±?) ds. 


^ ^ ^ J r (v/ 2 +j/ 2 +i+m ► ^:) r (M /2 - j/ 2 + 5 / 4 +n - 0 


r — tco 


( 8 . 1 ) 
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wbere (j) satisfies (2.2), tkeri 

g («) = l lx j f(y)k (y/*) dy, 

O 

( 8 . 2 ) 

belongs to R„ . 

® (l,n) 

The converse of this theorem will be : 

Theortm : Iff (x) is and g (x) is , then k («) will be given by (8.1). 


The proof follows from the above theorem. 

Corollary : Ifg (*) is R^ and k (*) is given by (8.1), then/ (x) will be 
given by : 


/(*) = 


27ri 


/ 


c-\-i CO 


tf— 103 


^^(v|2^^■s|2+i+tn±m ) 
r {v{2+sl2+i + m-k) 


i> (s) x-^ 


ds, 


where <j> (;?) satisfies 


(2.2) and hence f(xj is 


He has also given another rule, which is immediately obtained from the 
above rule by putting v for /*. The rule is : 

(*) (k^m) ^ satisfies the relation 

xk(x) ^ k (l/x). 

CO 

then g (*) = 1/xJ / (y) k ( y/x) dy, 


is also R 


V (k,my 

The converse theorem will be like this ; 


^f-^(*)i®®-v(i.m)and 


CO 


«(*) = !/*/ ny)k(yfx)dy. 


then xk(x)=k (1/a;): 

The proof is similar to that of the above theorems. 
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Another theorem of a similar nature will be : 


r 

g {x) =1/* I / {y) k {ylx) dy. 


and xk{x) ^ k (1/a?), 


then f (Tl- ' 2--'* fx(i+v/2+.y2+m±«) , . -s 

tlien/(;.) 2 ^J f (|+,/2+./2+m - &) ^ 


where <?> (r) satisfies (2.2). i.e.f(x) is 

9. R. K. Saxena® has given ; If f (x) is R^ and 

p/.^_ i r.(v/2+r/2+i + >«±m) T, (M/ 2-s/2+a+«±n) 

^ 2« J . r (v/2+i/2+i+m - A) r (/a/ 2 - s/2+5/4+n - 1) 




where o < c < l and cd (^) satisfies (2.2) 
then g{x)= I P (jv) / («).) (iy, 

o (9.2) 

is Rj, In other words P (x) is a kernel transforming R^ into R^ 

The converse theorem may be stated in the following form : 

Theorem 11. If/(A:) is R^ and g (x) is given by the relation 

CO 

gix)= j ^ iy)f{xj>) dy. 




£^vl2+sl 2+i+m±m) Tx (/" /2 - s/ 2+S+n±n) 
f (yl2+sl2+i+m -k) r (/A/2 - s/2+5/4+n -1) 


where o < « < 1 and a (s) satisfies (2.2), 

Proof follows by theorem 6. 

Another converse theorem of a similar nature may be of this form 


If g (x) =J p (,y)f(xy) dy. 
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where 


p , 1 (i+iv+i.'+w±'«) W 2 -sl2+i+ji ^ ^{s)x~' ds. 

^ ~ r (v/2+i/2+|-fm -k) r {1^12 -i/2+5/4+n - /) 


C CO 

thea/(^) is given by the relation 


f _ 1 2»'i^ Tx (vl2+sl2+i+m±m) ^ / a 

. r (yl2+sl2+i+m-k) 


c—tco 

where <}> {s) satisfies (2.2) i.e.f {x) is 
10. The resultant 

CO 

k{x)=j fx(,y)ft{xy)dy, 

O 

ef two fimction given by 


/i(*) 


^ 1 ^c+‘=® 2^^^ Iz (v/2+^/2+i^OT±m) 


2Tti 


■j 


r(v/2+:/‘"+l+m-A:) 


^ (x) X ^ ds, 


c^tco 


and 


-c'+ico f/2 r. W2+^/2+i+/»±n) ^ 

^ . r (/^/ 2 +s/ 2 +i+« - 0 


c' — ICO 


where , < r < 1 and o < e' < 1 and <» (f) and ^ (0 satisfies (2.2; 
is a kernel trantforming to R^ . 

Proof. We know that. 

. r ( n't h ^ 2^^^ r;< (’'/2+'/2+i+'":^) A (A r^nV. /ii 

&(*)=J r^,/2+5/2+i+m-fc) 


c- ICO 


Changing the order of integration if permissible we get 


k{x) 


= -L 2^^ Ta (»'/2+i/2+j+_W±TO) r y-»f^{y)dy, 

Zrn J V (vl 2 -\r-sl 2 -^^A-m-h) J 

ICO 


V (vl2+sl2-{-i+m-k) 


Applying Mellin’s Inversion formula, to the second integral and substituting 
the value form (10.3 . we get 

k(x\= ^ fx (vl 2 -]rsl 2 +i-^Tn±m) Fx (l*/2 - r/2+|+«-i:«) ^ (s) x-^ ds 

2 rri J r (v/2+s/2+i+« - it) r (/^/2 - s/2+5/4+n - 0 


f — jeo 


where (r) = y 2 4> (0 “ (^)» and satisfies (2.2). 
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Thus k [x) is a kernel transforming to y 


Corollary : On putting fJ^^v and ^+ 2 ?i=.x, we get a particular case due to Dr 
Brij Mohan : that is nht resultant of two functions is a kernel of the above 

type’. 

Let us consider /j = ^ W, (% a;^), 

and /2 = 

The resultant kernel will be given by 


is a kernel transforming into function. 


or k(x) = Al\/T where A is independent of x and j. 


00 

11. The resultant k{x) = j Pi {y) P, {xy) dy, 

O 

of two kernels . _ 


(11.1) 


P, (*) = ^ ( *^ (V2+i/2+i-i- -Ti (/^/2 — ■f/2-i-f jcn) 

27riJ r (v/2+^/2+i+K-i) r (f*/2-i/2+5/4+n-i;' 

c ■■ too 

» (i) ;* ds, 

and 

P, (x') = J_ C 2° Txi'’l2+sl2+i+m± m) P^ (/t72+ s;2+jr+n*+yi 
27rtJ _ r (v/24-i/2+f+7n-A) r (/‘/2+5/2+|.fn'-i') 
c-tco ' 


^(s)x‘^ ds, (11.3) 

where « (s) and Q,(i) satisfy (2.2), 
is a kernel transforming to R^ 

The proof follows the above theorem. 

12. Theorem : The resultant 

CO 

k{x)=^ Pi (*j) Ps (y) dy. 
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of two kernels of the type 


P (^\ = J_ r 2» fx (|+|/^+l^+»± gJ A .A ;^-8 flf, 

^ ‘iTTiJ r (i+li+iv+m-A:) r (i+J/^+i^+n-O 


C — ICO 


and 


p (x\=±- 2« Tx r, {i+ii^'+is+n'±n‘) . . ^ 

2m J T{f-|-4J+|v+TO-;c) r(f+4M'+i^+n'-i') 


— ZOO 


where the above conditions are satisfied, is a kernel transforming to 


(n',Z')* 


13. Theorem, The resultant 

CO 

i (*) = J Pj (^) p, ( j>) 


of two kernels of the form. 


Pi w - 


1 

2Tri 



<r — tco 


Px (v/2+^/2+i+^ Px (/^/2- .y/il+l+fl ji ?i) . , 

T(v/24-s/2+i+w - fc) T (fi/2 - 5/2+5/4+n-Z) 


and 


p.(*)= 


1 +»<» I\(^v/2^--|J-^/2+?7J±ni') Tx (f <'72 — 5/2+f-j-n'±n') ^ 

2m J T (v/2+72+i+OT-/i:) P sl2+^+n'- i') 

i'— zo 


is a kernel transforming R^, to provided the above conditions 

(o < e < 1) and (o < «' < 1) are satisfied, and a {s), ^ {s) satisfy (2.2.). 

I offer my grateful thanks to Dr. Brij Mohan for his help and guidance in 
the preparation of this note. 


REFERENCES 

L G H. Hardy, Messenger of Maths, ^ 47, 178 {1918}. 

2. G, H. Hardy. Ibid,, 50, 166 (1921). 

3. Brij Uoh^n, Bull, CaL Main. Soc„ S2, 125(l940j. 

4. Roop Narain, Rendi del Semi Math, del, Univ, del Politic, di, Torino^ 16, (269) (1956-57). 

5. R. K. Saxcna, Jour, Vik, University^ 3, 64 (1959). 


[ 348 ] 



TkE GHEMIGAL EXAMINATION OF SPHAERANTHtFS INDICUS LlNN- 
PART III : STUDY OF THE NONSAPONIFIABLE MATTER FROM ITS OIL 


By 

R.D. TIWARI 

Chemistry Department^ Allahabad University^ Allahabad 
[Received on 22nd June, 1963] 


ABSTRACT 

The nonsaponifiable matter from, the oil of Sphaeranthus iridicus Linn, has been examined in 
detail and found to contain /J-sitoterol, n-triacontanol and a hydrocarbon n-pentacosane. 

In two earlier communications’-*^ it had been pointed out that the nonsa- 
ponifiablc matter from the fit of Sphaeranthus indicus consisted of sitosterol 
and another compound which after repeated crystallisation from ethanol melted 
at 79*5®G and which had been characterised as a higher monohydric alcohol 
It lias also been mentioned that in spite of the analytical results nothing 
definite could be said about the exact composition of this product because 
alcohols of higher molecular weight are usually mixtures of alcohols with 
even number of carbon atoms as shown by Ghibnall et, al.^ 

Since then a paper on the same sudject has appeared^ in which the Compound 
melting point 78-7 9®G from the nonsaponifiable matter has been referred to 
as a nonsterol solid. Ihe crude nonsaponifiable matter from the Sphaeranthus 
indic^ fat has now been investigated in detail by chromatographing over neutral 
alumina and eluting with petroleum ether (40-60), ether, chloroform and 
methanol and their mixtures in different proportions and from the elutes three 
different products have been isolated and identified. The first product C^gHgoO 
melting point i37°G has been found to be identical with /3-sitosterol by mixed 
melting point, characterisation through acetate, benzoate and digitonide and 
also by the characteristic peaks in the I. R. spectrum. Thes econd compound 
melting point 84-85^G has been identified to be n-triacontanol(melting point 
in literature 86^G) thiough the preparation and analysis of its acetate, phenylure- 
thane and^ its oxidation product which has been found to be n-triacontanoic acid 
melting point 9FG. These findings are in agreement with the peaks in the 1. R. 
spectrum of n-triacontanol. The third compound is a normal hydrocarbon n-pen- 
tacosane G^gHga melting point 52-53'>G. 


EXPERIMENTAL 

The crude nonsaponifiable matter from the fat of Sphaeranthus indicus was 
chromatographed over alumina and eluted with petroleum ether (40-60), ether, 
benzene, chloroform methanol and their mixtures in different proportions and the 
diflferent elutes were examined. 

^Sitosterol^Th& petroleum ether-benzene fraction gave a product melting 
point 132^0 which after repeated crystallisation from methanol was found to melt 
at 137^G. It gave all the colour tests for a sterol. 
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tbund G = 83-92;^, H = 12-33%, ivtol. Wt. = 408, a]5^® == -34-4 
GjgHgoO requires G = 84-03, H = 12-07, Mol, Wt. = 414, ai) SO = _ se-o 
Peaks in the I, R. at 1639, 146d and 1447 Gm~^, 

Acetate-meltkig point 127^0, benzoate melting point 142^0 and digitonide 
melting point 220^G. 

n-Triacofitaml — From another fraction of the elute a compound melting point 
80^ was isolated which after recrystallisation from methanol melted at 84-85^C 

Found G == 82*01, H == 14*34, MoL Wt. ^ 426 

requires G = 82*19, H =14*16, Mol. Wt. 438. 

Acetate-melting point 70^G, % Acetyl = 8*02, GgoHgiO (GO.GHg) requires 

8*96. 


Phenylurethane melting point 94°G (given in literature 96°G) 

The alcohol was oxidised with chromic acid and from the mixture an acid 
melting at 91°G was isolated. Ihe neutralization equivalent of the acid was 
determined by the method of Tiwari, Srivastava and Sharma^ and found to be 445. 
n-Triacontanoic acid melts at 94^G and has the neutralization equivalent 452. 

n’-pniacosane-^Anothcr fraction of the elute on distillation left a white powder 
melting at 52^0, when recrystaiiised from ethanol, it melted at 53®G. It gave no 
tests ior any oxygen containing functional group and was found to be saturated 
in character. 

Found G = 85*72, H = 14*28, MoL Wt. 357, 

G^Hsji requires C = 85*23, H - 14*77, Mol. Wt. 352 

The I. R* spectrum shows peaks corresponding to long carbon chain only 
and for no oth^ structural units. 
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CHEMICAL EXAMINATION OF THE BAST FIBR.E OF ABUTILON 

WDICUM, sweet 


By 
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ABSrRACT 

Ghetnical exatnination of the bast fibre of Abutilon indicum, Sweet was carried out. The incom- 
plete chemical examiDa‘i^ carried out earlier, is at- considerable variance from the result of the 
present investigation The fibre- couipares well in chemical composition, with other malvaceous 
fibre! of htbucus species. 

Abutilon indicum, Sweet, (N. O, Malvaceae) kaowa as ‘'country mallow”, Kanohi, 
Jhampi, Potari, etc., usually grows wild as small bush, but is also cultivated^. 
The leaves, roots and seeds (Balbij) are used in medicine*’^. Royle* has not 
mentioned about the fibre yielding properties of abutilon species; but Dodge® has 
spoken of the fibre as “superior to jute”. Watt® has mentioned of little difference 
from industrial stand point between the fibres of indicum. Sweet, and A, asiatieum., 
G. Don. BaF has reported of fibre from A. avicennae as “American jute” and 
superior to orthodox jute and that the fibre from A. indicum is “of less importance 
used mainly for binding”. Duthie® has reported of fibre from abutilon species as 
of much value in Kashmir. It will, thus, be observed that divergent views have 
been expressed about the suitability of the fibre. 

The possibilities of using A. indicum fibre (or fibres from other species of 
abutilon) as jute substitute were neither mentioned by Basak and Nodder® nor by 
Biswas^*^. However, in collaboration with PauF^- the spinning and weaving of 
A. indicum fibre (grown iu Uttar Pradesh), on the jute mill machineries was later 
carried out by Biswas when it was found suitable for the production of standard 
sacking weft, and in admixture with jute, for standard sacking warp. The woven 
(standard) seeking cloth contained 73% of this fibre and 27% of jute. 

Cultivation and Harvesting Seeds collected from the local forests were cultivat- 
ed, in the rainy season, at the Institute field. Seeds were sown broad cast, (with 
a heavy seed rate to reduce laterial braching'. The seeds germinated within a 
few days and the plants, requiring no after care, were in full bloom in about 60 
days. The plants were harvested 90 days after germination of the seeds, when 
bold green pods were formed. 


RETTING AND EXTRACTION OF FIBRA 

The harvested stems were defoliated and depodded, and steeped with logs, 
m slow flowing water in a cemented tank. Retting was completed in about 8 
days, when the lateral loosening of the fibre bundles took placed. The retted 
stems were washed free from refractions and dried in shade. The fibre was 
separated by hand. An yield of 10‘82% fibre on sun dried, defoliated and depod- 
ded stem was obtained. 
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EXPERIMENTAL 


The air-dried fibre was cut mechanically, passed through a 22-mesh screen 
and received in an air-tight container. The examination of the fibre was carried 
out after Gross and Bevan^^, but for the estimation of cellulose some modifications 
were adopted^^. 

The results are given in table 1. Relevant figures due to Betrabet and 
Navalkar^* are also given for oomparison, 

TABLE I 

Examination of A, hdimm fibre 
(on lOOg. oven-dry material) 


Authors 


Figures due to Betrabet 
and Navalkar^^ 


Ash 

1-41 

Aqueous (cold) 

1-51 

extract (hot) 

2-13 

l%NaOH solubles 

16-89 

Hydrolysis J alpha 
loss 1 beta 

9-94 

16-82 

Cellulose 

70-63 


The amount of cellulose reported by Betrabet and Navalkar^^ is too high and 
cannot be substantiated even by considering the ecological differences (of Uttar 
Prad^h and Maharastra) under which the plants were grown. 

A portion of the cellulose is resistant to the action of cold (below 20'^G.) 
and concentrated (17*5%) caustic soda solution. The alkali resistant cellulose is 
termed as alpha-cellulose and is more important from the manufacturer’s point of 
view. The alpha, beta and gamma fractions of cellulose were estimated accord- 
ing to the Tappi method^^. The results are shown in table 2. 


TABLE 2 

Examination of cellulose of A, indxtum. 

Fibre. 

Fraction 

%on 

Cellulose 

%on 

Fibre 

Alpha cellulose 

82-90 

58-56 

Beta cellulose 

0-83 

0-62 

Gamma cellulose 

16-22 

11-46 
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^he estimation of cellulose (especially by the Gross and Sevan’s method) 
gives no indication about the pulp yielding properties of the fibrous raw material. 
To overcome this drawback, Hawley and Fleck^® have suggested the estimation 
of hydrolysis number of cellulose. Hydrolysis number was estimated after Howley 
and Fleck and the results show that the amount of unhydrolysed residue (57’26^) 
is more or less similar to the alpha cellulose content (58*56%) of the fibre. 

TABLE 3 

Hydrolysis number of cellulose of A. indicum fibre 
(on lOOg. oven-dry material). 

Hydrolysis number of cellulose 18*92 

Hydrolysed portion of cellulose on fibre 13*37 

Unhydrolysed residue 57*26 

Nitrogen was evaluated by Kjeldahl’s method, from which the value of 
protein was calculated. The fatty matter was determined by extracting the fibre 
with ether, and gums and resins by exhaustive extraction with a mixture of 
alcohol-benzene (lU)# Lignin was determined by the method of Ost and Wilken- 
ing^^ as modified by Ritter et Pentosans and furfural was estimated by the 

method of A. O. A. The figures are recorded, alongwith relevant figures 
due to Betrabet and Navalkar^*, in table 4. 


TABLE 4 

Non-cellulosic constituents of A. indicum fibre 
(on lOOg, oven-dry material.) 


A 4 . 1 , Figures due to Betrabet 
Authors 8 Navalkaria 


Nitrogen 

0-25 

0-21 

Protein (N x 6*25) 

5-31 

1-31* 

Fat and Wax 

0-73 

0-497 

Gum and resin 

1-97 


Lignin 

11-81 

13-13 

Furfural 

12-65 


Pentosans 

21-62 




given in table 5. 


* Calculated by the present authors. 
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table 5 

iFurfural and pentosans in A indicum fibre 
(on lOOg. oven-dry material.) 


Total furfural 1 2*65 

f Polyuronides 2*82 

Furfural from { Alpha cellulose 0*16 

L Pentosans 9*57 

Pentosans present as xylan 19*67 


The pentosan figure does not give a correct indication about the origin of 
furfural, as in the case of lignified material, the sugar-unit of the cell wall is 
xylose^. The furfural should accordingly be calculated as xylan. Further, on 
distillation with a mineral acid, (usually 12% HCl), the widely distributed uronic 
acids produce furfural and carbon dioxide and whereas the furfural produced is 
much less than the theoretical, the production of carbon dioxide is quantitative. 
Carbon dioxide was estimated by the method of Nanji et (by maintaining a 
boiling time of 3 hours). From the amount of carbon dioxide, the percentage of 
uronic anydride was calculated. 

^ In the case of jute, Sarkar et have shown that, of the total carbon 

dioxide, only 80% is due to uronic acid. The uronic acid was calculated from 
the amount of carbon dioxide on the assumption that similar relationships exist 
also in the case of fibre. Since hemicelluloses play an important part 

as the structural units of long vegetable fibres, it was considered necessary to 
estimate hemicelluloses, for which purpose holocellulose was estimated and pre- 
pared after Ghattopadhya and Sarkar^^. The (alcohol-insoluble) hemicelluloses 
do not, however, represent the entire amount, as a considerable portion is left 
dissolved in alcohol (50%) used for the precipitation of hemicelluloses from the 
alkaline solution of holocellulose. The hemicelluloses (alcohol- insoluble) were 
estimated^ by following the method of Sarkar et al^^. The theoretical value of 
total hemicelluloses was calculated by substracting the alpha cellulose value from 
holocellulose figure. The hexosan content was calculated after Das et al^^. The 
result of estimation is recorded in table 6. 


TABLE 6 


Holo — and hemi - celluloses and other related components of A, indicum fibre 
(on lOOg. oven- dry material) 


Carbon dioxide 

M8 

Polyuronides 

3-78 

Holocellulose 

89-26 

Total hemicelluloses (theoretical ) 

30-70 

Hemicelluloses (alcohol-insoluble) 

16-86 

Haxosan 

5-30 


AfA.-. Other malvaceous 6.hrta (of 

wfn wlffnt'S observed that this fibre compares 

well with other fibres of hibiscus species in chemical constituents. 
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Comparison of A. indicum and other malvaceous fibre of hibiscus species 
(on lOOg. oven-dry material) 
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* Represent average. Calculated by the present authors, from figures of two samples of top, middle and bottom portions by the fibre. 
♦* Calculated by the present authors. 
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STUDIES IN THE RELEASE OF FIXED POTASSIUM IN CALCAFEOUS 
ALKALINE SOILS OF RAJASTHAN AND FIXATION AND RELEASE 
OF POTASSIUM UNDER LABORATORY CONDITIONS 


By 

N. R. DHAR and R N. SINGH 

Sheila Dhar Institute of Soil Science^ University of Allahabad, Allahabad 

[ Received on 19th September, 1962 ] 

ABSTRACT 

Soil profiles were collected from different parts of Rajasthan namely Sambhar lake, Ghittoigarh, 
Bhupalsagar, Jaismandand also a soil profile from Soroan (Allahabad). An attempt was made to 
liberate the potassium occurring in the fixed condition and in the exchangeable state in these 
calcareous alkaline soils by extracting with normal solutions of ammonium chloride, ammonium 
acetate, hydrochloric acid and sodium chloride* Also, N/iO hydrochloric acid was used* It was 
observed that the ammonium ions can release the fixed K. ion, but, H and Na ions cannot. The 
amount of potash released in pounds per acre foot of soil by ammonium ions vyas very high and 
varied greately from profile to profile and also between horizons of the same profile. This variation 
may be attributed to the type of minerals present and also to the cation exchange capacity of the 
soil. The unextractable fixed K ions, which were not released by H and Na ions were leferated 
by ammonium ions. The amount of exchangeable potassium was found to be very small as com- 
pared to the amount of fixed potassium. 

Gross and net negative charges occurring on the inner and outer surfaces of the soil colloids 
were determined by extracting the ammonium saturated soils with the normal solutions of the 
chlorides of sodium and potassium. The gross negative charge represented the amount of ammonium 
recovered by leaching with N KGl solution and the net n^ative charge was the amount obtained 
by subtracting the amount of ammonium recovered by leaching with N Na Cl from the amount of 
gross negative charge. 

The net negative charge represented the amount which occupied the potassium fixing 
positions. 

Effect of the concentration of added K+ on its fixation and adsorption as influenced by the 
different replacing ions such as, H, Ca, Mg, Na, Ba and NH 4 , was studied under laboratory con- 
ditions. It was observed that as the quantity of potassium added was increased, the amount of 
fixed K+ was also increased to a definite limit and then this increase was very small. On the 
other hand, after this critical point, the amount of exchangeable potassium increased considerably, 
indicating that the fixation of K+ in the soil proceeds through the exchange complex, and, as long 
as the fixing capacity of the soil was not satisfied, the fixation of K ions continued. It was also 
observed that the ions like Ga, H, Mg, Ba and Na were unable to release the fixed K ions. 

Fixation of potassium was studied in the soil presaturated with different ions and the effect 
of pH on K*** fixation was also studied. It was observed that the soil having a high pH value and 
rich in bases like Ga, Mg, Ba and Na was capable of fixing potassium while acid soils were less 
susceptible to fixation. 

The ability of soils to retain added potassium in a non-exchangeable form 
has been known for some time, but, only recently it has been demonstrated that 
soils contain a considerable amount of naturally occurring (native) fixed potassium. 
Potassium added to soils as fertilizer or from other sources over a period of yeais 
cannot be completely accounted for without an assumption that the soils had in 
some manner converted an appreciable amount of the potash into some difficulty 
soluble form. The first detailed study of this fixation was that of Volk (43). 
His results pointed out that {a) drying the soil was an extremely important process 
in potash fixation, {b) the clay fraction was primarily responsible but the quality 

I 357 1 



of the clay was also important, since a kaolin clay sample and two la terite ’soils 
with large amounts of clay size material did not fix potassium^ (c) HGl treatment 
of a soil decreased its fixing power, whereas treatment with Na^GOg or Ca (OH j2 
increased it ; (d) long-continued K+ - fertilization resulted in decreasing the K+ - 
fixing power and increasing the muscovite or muscovite- like component of the 
clay size fraction and (e) the greater the amount of potash added, the greater was 
the amount fixed upon drying, but the smaller was the percentage fixed. 

The next important contribution was that of Ghaminade (I Ij, who related 
the fixation to the exchange capacity of the soil. He found that maximum 
potassium fixation resulted if more than 4 per cent of the exchange capacity was 
occupied by potassium, Ghaminade and Drouineau (12) indicated that NH4+ 
and Mg++ could also be fixed but that Ga++ and Na+ could not. They suggested 
that the fixation resulted from a diffusion of the cations into the crystal nuclei of 
the soil colloids but offered no adequate explanation for the differences among 
the cations. 

The next important contributions were those of Truog and Jones (42), who 
pointed out the relation between the amount of K fixed and the amount of re- 
duction in exchange capacity of bentonite clay when the clay saturated with K"'' 
was wetted and dried or when KOI was added to a bentonite sample. Truog 
and Jones (42) also found that soils in general behaved similarly. They indicated 
that the exchangeable ions were the seat of the fixation process. Joffe and Koiodny 
(24) suggested that a part of the exchangeable K ions are converted into a fixed 
position when one-dimensional lattice contraction takes place as a result of 
heating. 

^ A clue to the specificity of the fixation reaction for particular cations was 
provided* by the worii of Page and Baver (32). They studied the fixation of 
cations by the colloids from a sample of Wyoming bentonite (montmorillonite) 
and from a Miami silt loam soil and connected it to the size of the unhydrated 
ions. Their results indicated that not only K+ but ■ Rb"^, and 

could also be fixed. They assumed that in the drying process the sheets of mont- 
morillonite contract and the K ions (radius 1*33 X), having lost their hull of orient- 
ed water molecutes, are forced into the free hexagonal spaces (radius 1*40 K) 
between the Si^Og layers, where they fit tightly. Once in this position, they 
would be held very firmly by the eletrical charge within the crystal lattice. The 
same reasoning applies to ions having about the same radius such as (T21 X), 

Ba"^"^ (1-31 X), Rb*^ (T48 X) and Gs"*" (P67 X). Smaller ions, such as Sr^^ (1T5 X), 
Ga*^*^ (0’98 X) Na*^ (0*98 X), (0*71 X), and Li"^ (0*58 X) are not fixed because 

they cannot come close enough to the surrounding O'*- ions when the mineral is 
dried with the chloride soiutions. Much larger molecules such as (C^Hg)^ 
ionic radius (2*33 X) which cannot enter the spaces, will remain more loosely 
bound, and upon rehydration they assume their water hull and oscillate freely 
again and are susceptible for exchange. 

A , postulated that K ions are pressed into the Helmholtz — Stern 

douDle layei^’hen the clay mineral of a soil is dried after addition of a solution 
con ainmg K ions After the clay is dried, the K ions are no longer exchange- 
a e. 1 he theories of Gorbunov (17) and Page and Baver (32) are based upon 
e assumption that is fixed only when a soil clay mineral is dried with the 
po assi urn salt solution. But large amounts of were fixed in the moist con- 
I ion, as was found by Sears (37), Ghaminade (11). Allaway and Pierre% Stanford 
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and Pierre (38) and Stanford (39). Wiklander (45) found that, Ba ions despite 
having equal volume to that of K or NH^ ions were not fixed by micaceous 
material. 

Barshad (4) investigated the basal spacings of montmorillonite saturated with 
various cations under air-dried conditions and when subsequently immersed in 
water. A considerable expansion of the mineral lattice occurred when Mg++, 

Ba++, Li+ and Na*^ saturated minerals were immersed in water than when 
air dried. While with the K+, NH4^+, and Rb+, the lattice remained contracted 
under both these conditions. These investigations of Barshad^ suggested that ions 
like Ga, Mg Ba, H, Li and Na cannot be fixed as they are susceptible to rehydra* 
tion and thereby re-expanding the crystal lattice of the mineral and are easily 
releasable. While NH4, K and Rb ions would be expected to be less available 
to the displacing cation, and are capable of being fixed in the soil and minerals. 

The work of Hendricks, Nelson and Alexander (19j threw some light on the 
behaviour of K ions. By using controlled vapour hydration of montmorillonite, 
they found the maximum basal spacing of 12 X for saturated material, whereas 
Ga+'^j Mg*^"*", Na+, and saturated samples had a value of 16 X. The 12 X 
spacing corresponds to a single layer of water molecules, whereas the 16 X spacing 
was equivalent to a double layer. The thermal water loss curves were regarded 
as indicative of the unhydraied character of the K ions. Jackson and Heilman 
(25) found that when a saturated montmorillonite was dried at 30^0 it showed 
a basal spacing of 12*3 X, whereas the Na'^ and Ga+'‘‘ saturated samples had basal 
spacings of 14*6 X and 15T X respectively. The above findings indicate that K ions 
are not susceptible to hydration when they snugly fit into the lattice^* hole’’ as 
postulated by Page and Baver (32) and therefore they occupy the space between 
the sixhexagonally arranged oxygen atoms, they cannot expand the crystal lattice 
and thereby they cannot be easily released. 

Accordir^ to the statement of Wear and White (46) that when saturated 
montmorillonite contracts on drying, the inter layer K ions are pressed into the 
spaces formed by the superimposition of two voids with hexagonal nets of O ions 
from each silica layer. But a cation in this position would have fourteen fold 
coordination and not twelve fold as two ions are in proximity to the spaces. In 
this position K ions form most stable conBguration, as the radius of O ions in 
fourteen fold coordination with K ions is equal to the radius for these ions (O ions) 
as calculated by Pauling (33) from wave mechanics (0— = 1*04 X)". 

The fore-going statement is a brief review of the views on potassium fi 'cation. 
A considerable amount of investigation has been carried on the release of the 
fixed potassium in the soil and minerals. Bartholomew and Janssen (5) in their 
pot experiments observed that some unavailable K+ became available in course of 
time and they postulated this release of K+ from minerals present in the soil and 
not from the K*^ which is in the fixed condition. Hoagland and Martin (20) did 
not obtain results similar to those of Bartholomew and Janssen (5). They con- 
cluded that fixed K.*^ is not available for the plant growth. Hoagland and Martin 
(^21) found that fixed cannot be released even by leaching with 0*2 N acid. 
Blume and Purvis (.9) thought that the fixation of is highly reversible and they 
stated that potassium in fixed state is released and becomes fixed again in a com- 
paratively short time. Joffe and Kolodny (24) showed that K fixed in soil was 
practically unavailable to the plant. Breazeale and Magistad (6) found that 
alternate freezing and thawing failed to release any fixed K"*". In another ex- 
periment they noted that even a prolonged treatment on a steam bath with 0*05 
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NHGl released no K+. JofFe and Levine (26; working with a Dunellen soil profile 
sample noted only very small quantity of K release from the fixed state even by 
prolonged treatment with hot HGl. 

Stanford and Pierre (38), Barshad (8) and others indicated that the mechanism 
of ammonium and potassium fixation are alike. Walsh and Murdock (49) observ- 
ed a considerable quantity of fixed ammonium in several Wisconsin soils in U.S. A. 
Dhar and et al (14) advocated that during the process of photochemical reduction 
of nitrates into ammonia, a considerable amount of ammonia as NH 4 ‘^ may remain 
absorbed in tropical soils. 

PLAN OF INVESTIGATION 

The present investigation was designed to study the following points : — 

{i\ Release of fixed and adsorbed K+ in calcareous alkaline and alkali 
soil profiles and the effect of various extracting ions upon the 
release of fixed 

(«) To find out the net negative charge on the soil occupied by the 
fixed K+. 

(Hi) Influence of concentrations of potassium salt and effect of different 
replacing ions on fixation of K"*" in the soil. 

(vi) Fixation of K+ in the soil saturated with different ions prior to fixa- 
tion and also the fixation of K+ as influenced by pH. For studying 
the fixed and adsorbed potassium, soil profiles designated as A, B, 
G, D, E, F and G were collected and their location and nature of 
reaction is described below : — 


Profile 

Date of collection 

Location 

Nature of reaction 

A 

20th June (1958) 

Sambhar Lake (Jhapog) 
Rajasthan 

Alkali pH 10’6 (Surface) 

B 

Do. 

Do. 

Alkali pH IPO (Surface) 

C 

29th June (1958) 

Bhupalsagar (Rajasthan) 

Saline and Alkaline. 
pH 8*0 (Surface; 

D 

3rd July (1?58) ... 

Jaismand Lake (Rajas- 
than) 

Saline Alkaline 
pH 8'0 (Surfaced 

E 

4th July (1953) ... 

Ghittorgarh (Village 

Devri) (Rajasthan) 

Galcareous Alkaline 
pH 9*0 (Surface) 

F 

Do, 

Ghittorgarh (Government 
1. G. G. G. Farm) 
Rajasthan 

Calcareous Alkaline 
pH 9*8 (Surface) 

G 

17th September 

(1958) 

Allahabad (Soroan) 

Uttar Pradesh 

Alkali 

pH 10*5 (Surface) 


[ 360 j 


EXPERIMENTAL TEGHNiaUE 

20 g portion of soil passed through 30 mesh sieve were taken, and 250 c- c. of 
distilled water was added and kept for an hour stirring at intervals. It was 
filtered through a Whatman No. 42 filter paper placed into a Buchner funnel 
connected with the filter pump. After filtration with water the sample was washed 
with 40% alcohol. Soil freed from soluble salts were transferred to a 400 c. c. 
beaker, 250 c. c. of neutral normal NcJ4Ac, NH4GI, Nad, HGl and 0*1 N HGl 
solutions were added separately to the soil freed from soluble salts. These treated 
samples were thorougly stirred and kept overnight. Next day the samples were 
transferred to Whatman No. 42 filter paper placed into Buchner funnel and leached 
with the solutions mentioned above in order to collect one litre of extract, 50 c. c. 
of these extracts were taken and analysed for K"^. 

The value of fixed was obtained by subtracting the amount of K released 

by Nad from the amount of released by neutral normal ammonium chloride 
and ammonium acetate. Ihe amount of fixed K+ released was calculated in 
pounds per acre foot on the basis of the weight of soil = 4,000000 LBS/acre foot 
(U. S. Dept, Agric. Hand book No. 60, 1954). Where the soil samples were 
leached with OT N HGl and N NaGl they were washed with water till free from 
chloride and finally with 40% alcohol. They were subsequently leached with 
neutral N NH^Gl in order to collect one litre extract. 50 c. c. of these extracts 
were taken and analysed for K.+ 

In order to find out the electric charge two sets of saturated samples 

obtained by leaching with N NH4 AG were evaporated to dryness, freed ftom 
soluble ions by washing with distilled water and 40% alcohol were subsequently 
leached with neutral N KGl and neutral N NaGl in order to obtain one litre 
extracts. The amount of NH^ released was determined in an aliquot portion of 
extracts by distilling with ignited MgO. The amount of ammonium ion 
released by Na ions was taken to be equivalent to the exchange capacity of 
the soil in m. e. per 100 g. soil, and that released by N KGl was taken as gross 
negative charge on the soil colloids. The difference in the amount of ammonium 
released by K and Na ions represented the net negative charge occupied by the 
fixed K ions. 

Experiments on potassium fixation in the laboratory were carried out on a 
normal soil having an exchange capacity 32’30 m. e. %. The soil was passed 
through 30 mesh sieve. 20 g. soil was weighed (oven dry basis) and different 
amounts of K+ as KGl solution of known concentration were added, in order that the 
amount of added should range from 1 m. e. to 100 m. e.%. Including blank treat- 
ment there were fifteen treatments in total. The moisture was maintained to the 
moisture holding capacity of the soil at first instance. The soil paste were mixed 
thoroughly with a glass rod and the treated samples were kept under the fan to 
get them air dried. Then the simples were moistured with distilled water and 
transferred to Whatman No. 42 filter paper placed into the Buchner funnel con- 
nected to a filter pump and washed with distilled water till the filtrate became 
free from chloride. Finally the samples were washed with 40 % alcohol. The 
water extracts were collected and raised to a definite volume and analysed for K"^. 
This represented the amount of water soluble in m. e./lOO g. soil on oven dry 
basis. The difference between the amount of K"*" added and the amount of K'*’- 
soluble in water gave the quantity of K+ adsorbed. These samples were subse- 
quently leached with neutral normal solutions of GaGl2, MgCh, BaCl^, NaGl anjd 
OT N HGl in order to obtain a litre of extract. The amount of K replaced was 
determined in an aliquot part of the extract. The difference between the amount 
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of replaced to the amouni adsorbed gave the quantity of fixed. These 
quantities were also expressed on the percentage basis with respect to the quantity 
of K+ added. The analysis of soil is given along with the analytical results and 
the analytical results are shown in tables 8 and 9. 

In order to determine the effect of H'*', Ga++, Na+ and NH4+ 

ions upon the fixation of K**", duplicate samples of the normal soil used in the 
above experiments saturated with these ions were obtained by treating with 
neutral normal chloride solutions of these ions and removing the excess of salt by 
washing with distilled water. These H+ Ga++, Mg++, Ba+^ Na+ and soils 

thus obtained were subsequently treated with 100 c. c. of neutral normal KGl 
solution. In order to find out the effect of H ion concentration on fixation a 
normal solution of alcoholic KOH were added to another set of soil samples saturat- 
ed with the above mentioned ions. Treated samples were kept over night, next 
day these samples were heated to dryness on a water-bath. Then the samples were 
moistened again with distilled water and transferred to Whatman No. 42 filter 
papar placed in the Buchner funnel connected with filter pump and leached with 
neutral N KGl and N KOH alcoholic, and then with distilled water till free from 
soluble salts. Then the samples were leached with N NH4CI. The amount of 
K"*" released was determined in the NH4GI extract thus obtained. The difference 
in the amount of K found in the leachate and the exchange capacity gave the 
quantity of K*^ fixed. The results are shown in table 10. 

In all these experiments potassium was estimated by the sodium cobaltini trite 
method. Methods quoted by Write and Piper (50) were used for soil analysis. 


TABLE 1 

The Amount of Potassium released and cation exchange capacity of different 

soil profiles in m. e. }: . 

DEPTH IN INCHES 

Extracting Solutions ^ 

0. to 6 6 to 18 18 to 30 30 to 42 42 to 54 54 to 66 66 to 78 


Profile No. A. 


C. E. G. 

18-78 

23-05 

27-24 

38-38 

36-84 

40-46 

42-22 

NH.Ac 

... 87-48 

91-89 

116-47 

138-05 

131-95 • 

183-44 

190-50 

NH^Gl 

... 86-66 

90-80 

116-24 

136-52 

130-92 

181-82 

190-00 

0*1 N HCl 

6-76 

7-09 

8-04 

9-77 

10-30 

10-32 

10-59 

NHGl 

1-52 

2-07 

2-32 

2-75 

2-57 

2-88 

3-50 

NNaa 

ro7 

1-44 

2-45 

2-65 

2-52 

2-59 

2-74 


Projlls No, B. 








G. E. G. 

16*81 

25-57 

30-55 

14-79 

13-38- 

14-63 

15-20 

NB4AC 

93-86 

40-09 

159-33 

103-67 

69-75 

42-03 

46-25 

NH*G1 

93-07 

138*66 

158-82 

98-04 

69-75 

40-99 

46-03 

0-1 N HGl 

4-24 

5*75 

6-62 

2-26 

2-79 

2-48 

2-63 

N HGl 

1-58 

1*63 

1-85 

0-39 

0-36 

0-37 

0-38 

N KaGl 

1-37 

1*78 

2-44 

0-65 

0-52 

0-43 

0 47 
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T?able i {Gon^d}) 


Profile No. G, 

C. E. G. 

ISIH4AC 

NH4GI 

0-1 NHGl 

N HGl 

NNaGl 

... 

18-47 

56-27 

55-76 

1-45 

0-22 

0-74 

22-29 

56 85 
56-28 
1-39 
0-46 
0-38 

22-73 

62-40 

60-93 

2-26 

0- 52 

1- 06 

18-48 

65-23 

64-49 

2-71 

0-62 

1-20 

14-79 

126-36 

126-05 

3-25 

0- 65 

1- 42 

12-84 

128-66 

126-36 

3-40 

0-66 

1-52 


Profile No. D. 
G. E. G. 


19-23 

20-54 

24-20 

19-85 

15-60 

15-38 


NH4AC 


32-33 

32-50 

84-34 

92-44 

109-82 

112-36 


NH4GI 


30-36 

30-75 

83-86 

90-92 

108-90 

1 1 1-49 

• • a 

0-1 N HGl 


1-30 

1-74 

2-42 

2-61 

2-04 

2-22 


N HGl 


0-22 

0-27 

0-28 

0-32 

0-36 

0-40 


NNaGl 

... 

0-32 

0-42 

0-63 

0-67 

0-81 

0-85 


Profile No. E. 
G. E. G. 


20-63 

18-36 

22-79 

24-58 

15-60 

16-27 

••• 

NH4AC 


34-60 

42-62 

86-07 

132-63 

124-32 

127-36 


NH4GI 

»• J 

33-92 

42-05 

85-63 

130-98 

134-02 

127-33 


0-1 NHGl 


3-28 

2-93 

2-09 

3-41 

2-09 

2-98 


N HGl 

m 

0-22 

0-24 

0-53 

0-84 

0-46 

0-42 


NNaGl 


0-58 

0-75 

0-95 

1-52 

1-40 

1-47 


Profile No. F. 
G. E. C. 


21-20 

22-45 

30-08 

34-75 

26-80 

24-25 

# 

NH^Ac 


26-37 

38-40 

66-22 

79-48 

33-62 

28-05 

• #* 

NH4GI 

••tt 

26-12 

37-59 

66-08 

78-98 

33-44 

27-69 

mm • 

0-1 NHGl 


1-88 

2-20 

2-72 

3-46 

2-04 

1-98 


N HGl 

••• 

0-22 

0-26 

0-40 

0-52 

0-29 

0-25 


NNaGl 

... 

0-54 

0-59 

0-89 

0-92 

0-52 

0-46 . 


Profile No. G. 
G. E. C. 

• •• 

8-36 

9-69 

13-88 

15-66 

13-66 

9-98 

8-98 

NH.Ac 


18-26 

19-81 

27-24 

39-79 

42-34 

24-62 

28-32 

NH4GI 


17-94 

19-20 

26-75 

39-09 

0-45 

24-06 

27-88 

0-1 N HGl 

• *« 

2-94 

2-85 

3-06 

3-24 

3-68 

2-02 

2-35 

N HGl 


0-38 

0-39 

0-57 

0-32 

0-94 

0-67 

0-75 

NNaGl 


0-24 

0-21 

0-36 

0-78 

0-82 

0-53 

0-63 


The percentage of Sesquioxide released by extracting with N HGl in different 

Soil profiles. 


A 


2-35 

2-57 

2-69 

3-32 

3-79 

3-65 

3-77 

B 

• •• 

1-74 

2-07 

2-55 

1-.32 

1-35 

1-23 - 

1-32 

G 


2-45 

2-72 

3-22 

3-48 

3-07 

3-29 

... 

D 


1-79 

2-05 

2-48 

2-79 

2-30 

2-39 


E 


2-68 

2-56 

2-46 

3-12 

3-20 

3-40 

... 

F 

... 

1-55 

2-36 

2-79. 

2-98 

2-28 

2-33 

... 

G 

... 

1-26 

1-57 

1-94 

1-22 

2-48 

1-58 

1-66 
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TAfeLfe i 


]^changeabie K.+ ia calcareous alkaline soil profiles (1 Ib./acre foot soil). 




DEPTH 

IN 

INCHES 


0 to 6 

6 to 18 

18 to 30 

30 to 42 42 to 54 54 to 66 66 to 78 

Projih A 

... 1674*0 

3035-0 

3833-0 

4145-0 

3941-0 

4052-0 

4286-0 

Profit B 

... 2184-0 

2784-0 

3817-0 

1016-0 

813-4 

672-6 

735-2 

Profit € 

... 1157-0 

1377-0 

1652-0 

1877-0 

2221-0 

2378-0 


Proflc D 

500-4 

656-09 

995-04 

1048-02 

1267-0 

1267-0 

... 

Profit E 

... 907-2 

1173-0 

1486-0 

2378-0 

2190-0 

2299-0 


Profit F 

844-7 

923-0 

1329-0 

1439-0 

813-4 

719-6 


ProfiU G 

375-4 

32o-5 

- 563-1 

1220-0 

12B2-0 

829-0 

992-2 


TABLE 3 

Fixed K'^ in calareious alkaline soil profiles. 

(m. e /lOO g soilj oven dry). 

dVpth in inches 

0 to 6 6 to 18 18 to 30 30 to 42 42 to 54 54 to 66 66 to 78 


Profit A 


N NH4AC 


86-44 

89-92 

114-02 

135-40 

129-44 

180-85 

187-76 

N NH4CI 


85-62 

88-83 

113-79 

133-87 

128-41 

179-23 

187-25 

ProfiU B 

N NH. Ac 


92-49 

138-31 

156-89 

103-02 

69-23 

41-60 

45-78 

N NH4GI 

... 

91-70 

136-88 

156-38 

97-39 

68-71 

40-56 

45-56 

Profit C 

N NIL Ac 

• •• 

55-53 

55-97 

61-34 

64-03 

124 94 

127-14 


N NH4GI 

— 

55-02 

55’40 

59-87 

63-29 

124-63 

124-84 

... 

Profit D 

N NH4AC 

... 

32-01 

32-08 

83-61 

91-77 

109-08 

111-57 


N NH4GI 

... 

30-54 

30-33 

83-23 

90-25 

108-09 

110'64 

... 

ProfiU E 

N NHjAc 

• •• 

34-02 

41-87 

85-42 

131-11 

123-92 

126-39 


N NH4CI 

• — 

33-34 

41-30 

84-68 

120-46 

122-92 

125-86 

... 

Profile F 

NNH4AC 

• «« 

26-37 

38*40 

66-22 

79-98 

33-62 

28*05 


N NH^Cl 


26-12 

37-59 

66-08 

78-98 

33-44 

27-69 

... 

Profile G 

N NH4AC 

... 

18-02 

16-60 

26-88 

39-01 

41-52 

24*09 

27*70 

N NH4CI 

... 

17-70 

18-99 

25-39 

33-31 

39-63 

25-53 

27-26 
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TABLE 4 


Fixed K"*" in calcareous alkaline soil profiles , 
(1 lb /acre/foot of soil). 




DEPTH 

I N 

INGHE S 

' 


0 to 6 

6 to 18 

18 to 30 30 to 42 

42 to 54 54 to 66 66 to 78 

Profile A. 

N NH^Ac 

... 135200 

170900 

178300 

211700 

202600 

282300 

298000 ' 

N NH 4 GI 

... 134000 

154600 

177900 

211500 

200800 

280300 

293700 

Profile B, 

N NH 4 AC 

... 144600 

216600 

245400 

161100 

108100 

91030 

93250 ' 

IS NH 4 GI 

... 143400 

214100 

244600 

152400 

107500 

63450 

71270 

Profile C. 

N NH 4 AC 

... 86860 

87540 , 

95960 

100200 

195500 

198800 

... 

N NH 4 GI 

... 86080 

86660 

93650 

99000 

194900 

195200 

... 

Profile D. 

N NH 4 AC 

50060 

50180 

130800 

143500 

170500 

174400 


N NH,G 1 

... 47770 

47430 

130200 

139600 

169000 

173000 

... 

Profile E. 

N NH 4 AC 

... 53220 

65490 

133700 

204600 

193900 

197700 


N NH 4 GI 

... 92140 

64620 

132400 

202600 

192400 

196900 


Profile F, 

N NHjAc 

... 40400 

59140 

103900 

122800 

65070 

71610 

... 

N NH 4 GI 

... 40000 

57880 

102100 

114300 

63450 

71270 

... 

Profile G. 

N NH 4 AC 

28180 

30660 

42040 

61020 

64940 

37680 

43330 

N NH 4 GI 

... 27690 

29710 

39710 

59940 

61980 

36810 

42530 
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TABLE 5 


Release of fixed K+ not released by H and Na ions by leaching with neutral 
N NH^Gl in m. e./lOO g soil ^oven dry). 


depth in inches 


' 0 to 6 6 to 18 18 to 30 30 to 42 42 to 54 54 to 66 66 to 78 


Profile A, 

0-1 N HGl 


85*12 

88*52 

113*79 

133-40 

128*34 

179*02 

186*35 - 

NNaGl 


85-29 

88-80 

112*20 

133-78 

128-48 

179-06 

- 187*12 

ProJiU J5. 

0*1 N HGl 

• •• 

92*12 

134 00 

156*12 

101*62 

69-07 

40-62 

45*39 

NNaCl 


91*74 

137-04 

156*36 

101-04 

68*66 

40*20 

45*32 

Profile C. 

0*1 N HGl 


55*02 

55-44 

60*14 

63*37 

125*08 

125*52 

... 

NNaCl 

* 

55-04 

55*28 

60*08 

63-28 

124-45 

125-04 

... 

Profile D. 

O-lNHGl 


30*57 

30-45 

83-37 

90*60 

108*54 

108*16 


NNaCl 


31*04 

30-04 

83*15 

91*22 

107-76 

110*50 

... 

Profile 

0*1 N HGl 


33-59 

41*78 

85*02 

130*14 

123*18 

126*59 

• •• 

N NaGl 


32*97 

40*72 

84-34 

124*29 

122*19 

125-40 

• ft* 

PtofiU P. 

0-1 N HGl 

... 

25*79 

37*22 

65-26 

78-40 

32*06 

27*32 

• •• 

NNaGl 

... 

26*20 

37*60 

66-04 

78-49 

32-79 

27-66 

««• 

Profile (?. 

0*1 N HGl 


17*29 

18*66 

25-98 

38-28 

39*13 

23*05 

25-16 

NNaGl 

... 

17*22 

18-sO 

26-25 

38-30 

34*24 

23*41 

27-20 
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TABLE 6 

Release of fixed and absorbed NH,"'’ ia calcareous alkaliae soil profiles saturated 
with NHj-Ac in m. e./lOO g soil oven dry, determination of gross and net 

negative charges. 


DEPTH IN INCHES 




0 to 6 

6 to 18 

18 to 30 

30 to 42 42 to 54 54 to 66 66 to 78 

Pfojile A. 

Gross 

... 

104-69 

1 13-26 

142-03 

173-79 

165-98 

220-87 

229-36 

Exchange Complex 

18-78 

23-05 

27-24 

38-38 

36-84 

40-46 

42-22 

Net 

*• 

85-91 

90-21 

1 14-79 

145-48 

129-14 

180-41 

187-14 

Profile 

Gross 


108-82 

164-13 

187-27 

117-66 

83-08 

56-24 

60-79 

Exchange 

Complex 

16-81 

25-57 

30-55 

14-79 

13-88 

14-63 

15-20 

Net 

... 

92-01 

138-56 

156-72 

102-87 

69-20 

41-61 

45-59 

Profile C. 

Gross 


74-32 

78-08 

84-21 

82-36 

139-56 

140-27 

• •• 

Exchange 

Complex 

18-47 

22-29 

22-73 

18-48 

14-79 

12-84 


Net 


55-85 

55-79 

61-48 

63-88 

124-77 

127-43 


Profilt D. 

Gross 


50-79 

53-03 

108-22 

106-49 

124-63 

127-20 

•mm 

Exchange Complex... 

19-23 

20-54 

24-20 

14-85 

15-60 

15-88 


Net 

• •V 

81-56 

32-48 

84-02 

91-64 

109-08 

111-32 


Profile £. 
Gross 

• •t 

54*63 

. 60-09 

108-24 

155-70 

139-52 

142-43 


Exchange 

Complex 

20-63 

18-36 

22-79 

22-58 

15-60 

16-27 

••• 

Net 

— 

34-00 

41-73 

85-45 

113-12 

123-92 

126-21 

... 

Profile F. 
Gross 


46-88 

60-95 

96-47 

114-32 

62-60 

52-46 


Exchange 

Complex 

21-20 

22-45 

30-08 

34-75 

26-80 

24-25 


Net 

... 

25-68 

. 37 50 

66*39 

79-57 

35’80 

28-21 


Profile G. 

Gross 

... 

26-54 

30-82 

40-02 

55-70 

54-57 

34-92 

37-08 

Exchange 

Complex 

8-38 

10-24 

12-79 

16-08 

14*05 

10-58 

9-63 

Net 

— 

13-16 

20-58 

27-23 

39-62 

40-52 

24-34 

27-45 
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Analysis of the soil for fixation under laboratory conditions. 
Total composition Mechanical composition 


Moisture 

... 1-726% 

Coarse sand 

... 18-4% 

Loss on ignition 

4-862% 

Fine sand 

... 3-2-5% 

HGI insoluble 

... 72-486% 

Silt 

... 26-9% 

^2^3 

... 16-660% 

Clay 

... 17-4% 

Fe^Oa 

... 5-443% 

Loss due to solution 

... 4-4% 

GaO 

... 2-356% 



MgO 

... 0-875% 



KaO 

... 0-317% 



P.O, 

... 0-225% 



Organic carbon 

... 0-784% 



Total nitrogen 

... 0-071% 



G : N ratic 

10-9 




Physical constants 

G. E. G. ... 32-3 m. e. % 

Exchangeable calcium 12*2 m. e. % 

Exchangeble magaesium 4*7 m. e. % 

Exchangeable K. .. 0*2 m. e. % 

Base saturation ... 53*3 % 

Water holding capacity,.. 40*5 % 

Permeability ... 16*5 cc/hr. 

Total soluble salts ... 0*847 % 

pH ... 7-20 

The soil having the above composition was passed through a 30 mesh sieve 
and used for fixation of under laboratory conditions. 
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fABLE 1 

fexperiments on K. fixation under laboratory conditions. Influence of 
concentration of potassium salt (KGl) and different replacing 
ions on fixation af K in soil. 


Treat- 

ments. 

Amount of 
added in m.e./ 

1 OOg Soil 

Amount of K'^ water soluable 

Amount of adsorbed. 

In m e./ 
lOOg Soil 

Percentage 
of added. 

In m.e./ 
lOOg Soil 

Percentage 
of added. 

1 

0-00 

0-00 

0-00 

0-00 

0*00 

2 

1-00 

0-00 

0-00 

1-00 

100-00 

3 

2-50 

0-05 

2-00 

2-45 

98-00 

4 

5-00 

0-25 

5-00 

4-75 

95-00 

5 

10-00 

0-84 

8-40 

9-17 

91-60 

6 

15-00 

2-26 

15-05 

12-74 

84*95 

7 

20-00 

3*50 

17-50 

16-50 

82-50 

8 

25-00 

4-58 

8-32 

20-42 

81-68 

9 

30-00 

6-95 

23-14 

23-05 

76-86 

10 

35 00 

8-88 

25-30 

26-12 

74-70 

11 

40-00 

10-50 

26-26 

29-12 

73-75 

12 

45-00 

12-62 

28-02 

32-38 

71-98 

13 

50-00 

14-74 

29-98 

35-26 

76-52 

14 

75-00 

22-95 

3U-22 

52-05 

69-78 

15 

100-00 

33-63 

33-63 

66-37 

66-37 


TABLE 8 

The Amount of Exchangeable and Non-exchangeable (Fixed) Potassium with 
replacing ions H as OT N HGl and as normal solutions of Ghlorides 
of Calcium, Magnesium, Barium, Sodium and Ammonium. 


Treat- 


Amount 


Amount of K exchangeable with replacing ions. 


ments 

No. 

added 
in m.e, % 

H 

Ca 

Mg 

Ba 

Na 

NHj 

1 

0-00 

0-00 

0-00 

0-00 

0*00 

0-00 

0*00 

2 

1-00 

0-00 

0-00 

0-00 

0-00 

0-00 

1-00 

3 

2-50 

0*03 

0-03 

0-05 

0-06 

0-07 

2-45 

4 

5*00 

0-13 

0-08 

0-10 

0-14 

0-14 

4-75 

5 

10*00 

0-28 

0-80 

0-44 

0-50 

0-49 

9-13 

6 

15-00 

0*48 

0-56 

0*68 

0-82 

0-77 

12-67 

7 

20-00 

0-67 

0-88 

0-92 

1-09 

1-05 

16-18 

8 

25-00 

1-16 

1-20 

1-35 

1-42 

1-42 

19-97 

9 

30-00 

1-44 

1-75 

1-82 

2-01 

1-87 

22-26 

10 

35-00 

1-77 

2-20 

2-27 

2-43 

2-46 

25*24 

11 

40-00 

2-28 

2-52 

2-66 

2-79 

2-88 

28-C4 

1-i 

45-00 

2-75 

3-04 

3-08 

4-12 

3-38 

31-03 

13 

50-00 

3-26 

3-56 

3-72 

4-74 

3-92 

33-63 

14 

75-00 

18-81 

19-05 

20-14 

21-06 

19-24 

49-47 

15 

100-00 

31-16 

31-89 

32-02 

34-07 

32-39 

63-05 
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'I’AbLfe & 


Amount of K Non-exchangeable (Fixed with replacing ions.) 


1 

0.00 

0-00 

0-00 

0-00 

0-00 

0-00 

0-00 

2 

1-00 

100 

1-00 

1-00 

1-00 

1-00 

0-00 

3 

2-50 

2-42 

2-42 

2-40 

2-39 

2-33 

0-00 

4 

5-00 

4-12 

4-67 

4-65 

4-61 

4-61 

0 00 

5 

10-00 

8-89 

8-87 

8-73 

8-67 

8-68 

0-04 

6 

15-00 

12-26 

12-18 

12-06 

11-92 

11-97 

0-07 

7 

20-00 

15-83 

15-62 

15-58 

15-41 

15-45 

0-32 

8 

25-00 

19-26 

19-22 

19-07 

19-00 

19-00 

0-45 

9 

30-00 

21-61 

21-30 

21-23 

21 - 04 , 

21-18 

0-79 

10 

35-00 

24-35 

23-92 

23-85 

23 - 69 - 

23-66 

0-88 

11 

40-00 

26-84 

26-60 

28-46 

26-33 

26-24 

1-03 

12 

45-00 

29-63 

29-34 

29-30 

28-26 

29-00 

1-35 

13 

50-00 

32-00 

32-60 

31-54 

30-52 

31-34 

1-63 

14 

75-00 

33-24 

33-00 

31-81 

30-99 

32-81 

2-58 

15 

100.00 

35-21 

34-48 

34-35 

32-30 

33-98 

3 32 


TABLE 10 

Fixation of K'*' in Soil Saturated with Different ions Prior to Fixation and 
Fixation Influenced by pH 

(m.e./lOOg Soil) 


FORMS OF K- APPLIED 

Saturating ions prior to fixation N KCl (neutral) N KOH (alcoholic) 

m.e. % m.e. % 


H+ 

K recovered 
K fixed 

Co++ 

K recovered 
K fixed 

Mg^+ 

K recovered 
K fixed 

Ba++ 

K recovered 
K fixed 

Na+ 

K recovered 
•K fixed 

K recovered 
K fixed 


34-33 

60-24 

2-03 

28-21 

48-46 

64-28 

16-16 

31-98 

48-08 

62-79 

15-78 

30-49 

50-27 

65-26 

17-97 

32-96 

46-72 

60-28 

14-42 

27-98 

52-04 

66.57 

19-74 

34-27 
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DISCUSSION 


The foregoing results (table 1) show that the fixed K+ is present in ail 
calcareous alkaline soil profiles in all the horizonSj which can easily be released 
by leaching with neutral normal ammonium acetate and ammonium chloride 
solutions and not by N NaCl or OT N HGl or even by normal HCl. Hoagland 
and Martin (20), JofFe and Levine (26) could not obtain any release of fixed by 
prolonged treatment with hot 10 N HGL It indicates that H and Na ions are not 
able to enter the interior of the crystal lattice of the colloidal matter or they are 
not able to pass into the lattice ‘‘hole” as pointed out by Page and Haver (32) 
while NH4 ion can pass through the lattice “hole” and replace the fixed K ions. 
It is evident from the table 1 that the release of fixed K+ by NH^ ions increases 
with depth in the profile A, G, and D. But in the case of profile B, E and F the 
■maximum release is observed in the 4th horizon (30^—42^'^) and in the 5th horizon 
of profile G, then it decreases. This decrease from the 4th horizon downwards is 
greater in profile B and F, but smaller in profile E and G. Although the quantity 
of K+ released by leaching with N. NaGl and OT NHGl and N HGl is very small^ 
but the same trend of increase or decrease in the K"** replacement is noted (Table 1). 

There is no release of R2O3 when extracted by N NH4GI, N NH4AC and OT 
N HOI and N NaGl ; but there is considerable release of in the case of N HCl 
extract. There seems to be no direct relationship between the release of R3O3 and 
adsorbed K+. But it is definite that the greater release of K+ with N HGl and 
no release by OT N HCl confirms some break down of colloidal complex and 
there by some release of K+ (Table 1). Jofie and Levine (26) reported small but 
steady increase in K+ release with increasing acid concentration. Joffe and 
Levine (26) used normal Na^GOg in releasing the fixed K ions and noticed no 
release of K+ and RjOg. This further points out that the fixation of K+ in the 
alkaline conditions in the soil is more pronounced than in the acidic conditions. 
And alkali soils are more susceptible to fixation than the acidic soils. 

There seems to be no direct relationship between the release of K+ and the 
cation exchanp capacity of the soil. It is evident from Table 1 that in certain 
profile there is decrease in the value of cation exchange capacity with depth, 
but the amount of released is greater. This shows that some of the positions 
in the exchange complex must have been occupied by the fixed K ions which 
have lowered the exchange capacity of the soil. 

Levine and Joffe (28) working on fixation with a sample of Montalto 
hydrogen colloid observed a reduction in the exchange capacity when It ions 
were fixed under laboratory conditions. Their results show that with increasing EL* 
fixation the decrease in the exchange capacity becomes larger. Similar observations 
were recorded by Truog and Jones (42). It appears that when all the fixing 
apacity of a soil is satisfied, some of the exchange positions are transformed into 
forms which are responsible for the fixation of ions. 

The statement of the fact that potassium fixation follows reduction ^ in the 
exchange capacity of a soil and if the reduction in the exchange capacity over 
fixation is an additive property a time would come when a good soil might 
dteriorate to a great extent by losing its property of base exchange phenoinena. 
Potassium being an alkali metal would bring an alkali soil to a still worse condition 
when present in the fixed condition. The presence of fixed potassium in alkali 
soil may be one of the reasons of its deterioration and its becoming unfit for 
cultivation. 
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The results in table 1 show that the amount of adsorbed K+ obtained fcy 
extracting the soil with normal ammonium acetate is slightly higher than that 
obtained by extracting with ammonium chloride. Hoagland and Martin (21) and 
Ghaminade (11) reported that the nature of anions exerts no influence on K+ 
fixation. Wiegner (47) used anions of very weak acid. He studied the adsorption 
of CH3GOOK on H bentonite and obtained greater adsorption of K*^ as compared 
with chloride ions, and he explained this as follows ' 

+CIH3COO'' + H-Bcntonite ^ K-Bentonitc + CHsGOOH. 

Similar results were obtained by Joffe and Levine (27). 

The values of exchangeable K+ are given in Table 2. These are the amounts 
of released in pounds per acre foot of soil by extracting the soil with normal 
NaCl solution. By subtracting the values of exchangeable (the amount of K 
released by N NaGl} (Table 1) from the values of adsorbed K+, the values of fixed 
K+ Ivere obtained (Table 3). The values of fixed K for ammonium acetate and 
ammonium chloride are recorded separately in m.e. %, These values of fixed 
K were calculated in pounds per acre foot of soil, which are recorded in Table 4. 
It can be seen from Tables 2 and 4 that there is a great variation in the 
amount of fixed and exchangeable K+ obtained between the profiles and 
between the horizons of each profile. The variation in the amount of fixed 

found between different profiles may be due to the type of minerals 
present in them. The most important type of the clay minerals responsible for the 
fixation of K+ are vermiculite and illite and under certain conditions mont- 
morillonite, and the soil containing such minerals are responsible for K+ 
fixation. Ahoe (2), Barshad (7, 8) Hanway Scott and Stanford (22), Martin and 
Overstreet and Hoagland (30), Stanford (41), Troug and Jones (42), Volk, Mitra 
and Dharmprakash (43) observed that these minerals are responsible for 
fixation. The difference in the amount of fixed K+ found in different profiles 
may be due to the leaching of clay from one horizon and getting accumulated 
into another horizon. From Table 4 it appears that the amount of fixed K+ in 
the profile G is much less than the amount in the other six profiles. Profile G 
was collected from Soraon (Allahabad U. P.). It seems that the proportion of K+ 
fixing minerals present in this profile is less than in the other six profiles which 
were collected from Rajasthan. Dyer (15), Frear and Erb (16), Page and Williams 
(34), concluded from the potassium crop balance in long term field experiments 
that much of the potassium added as manures was fixed by the soil, Volk (43) 
reported that 2115 Lbs, of K^O per acre are fixed by Hagers town silt loam, 
receiving 3188 Lbs of K^O per acre in 50 years, Blume and Purvis (9), Harris (23) 
studied the fixation of K and the effect of lime and magnesia upon fixation, 
Barshad (10) defined the naturally fixed native fixed potassium. 

The amount of released by subsequently leaching the soil samples already 
extracted with OT N HGl and N NaGl with normal ammonium chloride are 
shown in Table 5. The results obtained show that there is a considerable release 
of the K*^ which was not released by extracting with OT N HCl and N NaGl. 
And the amount ofK^ released is just equivalent to the amount released by directly 
leaching with N NHj Cl, when the amount of K+ released by O-IN HGl and N NaGl 
and the amount of released subsequently by leaching with N NH, G1 are added 
together. * 


.he 4s'e“ cf :: Xs'.rzz 
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negative charge is the amount of released by extracting the NH^Gl saturated 
soil with normal KGl, and the negative charge at the exchange complex is the 
amount of NH^ replaced by leaching with N NaGl, The net negative charge is 
the difference of the gross negative charge and the negative charge of the exchange 
complex (cation exchange capacity). The value of net negative charge is just 
equivalent to the amount of K+ released with little variations. This shows that 
the fixed K+ and can be replaced by each other and not by any other ions. 

It can be seen in Table 6 that there is a considerable variation between the net 
negative charge and the gross negative charge from profile to profile indicating 
that different soils have different net negative charge and thereby their fixing 
capacity for K+ and NH4+ differs from one soil to another. 

Influence of concentration of added as KCl, on fixation and adsorption 
of K+ and the effect of different replacing ions on fixation of K+ was also studied. 
The results obtained are shown in Tables 8 and 9, in which the effect of H"*", Ga+, 
Mg++, Ba*^"^, Na*** and ions on the fixation of K ion has been studied. It 

can be seen in these tables that as the amount of added is increased, the 
amount of adsorbed K+ also increases, but the percentage decreases as the amount 
of added K+ increases (Table 7). * The amount adsorbed K*^ was plotted against 
the amount of K+ added (Fig. 1). It is evident in (Fig. 1) that the amount of K*** 



Xo 


Fig. 1. Amount of Leached and Adsorbed in M.E./lOOg. Soil. 

adsorbed increases almost linearly with the amount of K*^ added. As the amount 
of K+ added increases the amount of water soluble increases and its percentage 
also increases simultaneously (Table 7). The amount of water soluble was 
also plotted against the amount of added (fig. 1) with the ordinate and abocissa 
of equal scales. 
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The decrease in the percentage of adsorbed may be explained on the 
basis that with the increase in the application ofK+ the fixing capacity of the 
soil is satisfied i.e, when a sm ill quantity of is applied the fixing capacity and 
the exchange capacity of the soil is not a limiting factor and a large proportion 
of the added K+ enters into the exchange complex and a large proportion is 
adsorbed. • On. the other hand when higher doses of K."^ are applied the fixing 
capacity and the exchange capacity are satisfied and although the absolute 
quantity of adsorption increases it docs so at a decreasing rate.^ The adsorbed K. 
ions on the exchange complex slowly migrate and occupy the fixing positions and 
thereby lower the exchangeable K*^. This shows that the fixation of ions^ in the 
soil proceeds through the exchange complex as sugested by Joffe and Levine (28), 
Bartholomew and Jansen (5), Chaminade and Drouineau (12), and Schachtschabel 
(4) stated that the non-exchangeable, the exchangeable and the ionic forms 
of K* in the soil solution are in equilibrium. 

The amount of which remained fixed in the soil against extraction with 
H+ Ca++ Mg++, Ba++, Na+ and NH4+ (Table 9) was plotted against the amount of 
K"^ added per 100 g of oven dry soil (Fig. 2). Graph was plotted with the ordinate 



Fig, 2. Amount of Non-Exchangeable [Fixed] in M. E./lOOg, Soil [O.D.] 

half of the abscissa. It appears from fig. 2 that the amount of K+ which remained 
non-cxchangeablc i. c, fixed increases linearly to a definite point, then it falls off 
rapidly with the increase in the amount of K+ added. After that there is rapid 
fall in the increase of non-exchangeable (fixed) K+. Although the amount of 
fixed increases with the increase in the amount of K+ applied, the rate of 
increase is very slow. On the other hand, the amount of K+ which remains 
non-exchangeable (fixed) with is remarkably less. It can be seen in the 

Table 9, Fig 2, that when a small amount of K+ is added, almost all adsorbed K+. 
is extracted out by NH4+ ions. The amount of non-exchangeable (fixed) with: 
ammonium ion varied from 0*40 to 3*32 m.e. %. . , , 
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^iie amount of adsorbed (exchangeable^, with H+, Ca++, Ba+-^, 

Na+, and NH4+ ions was plotted against the amount of K'^ applied with the 
ordinate half the abscissa. It can be seen in Fig. 3 and Table 9 that the increase 



Fig. 3. Amount of Exchangeable in M.E./lOOg. of Soil [O.D.] 

in the amount of exchangeable K+ with these ions is very slow upto a point and 
after this critical point it increases suddenly when further application ofK'^is 
made. On the other hand, the amount of adsorbed exchangeable with 
increases linearly with the amount of added. 

In order to-determine the relationship between the amount of K+ adsorbed 
and the amount of in the exchangeable and non-exchangeaale (fixed) forms, 
graphs were plotted separately. The amount of non-exchangeable (fixed) K+ by 
Ga++, Mg'^'^, Ba'^'*’, Na+ and NH^+ ions was plotted against the amount of 
adsorbed with the ordinates and abscissa of equal scales. In this case also it is 
evident from Fig. 4 that thb-. amount of non-exchangeable (fixed) increases 
linearly with the increase in the amount of K+ adsorbed upto a definite point, 
then it falls off suddenly. And after this critical point, although the amount of 
non- exchangeable (fixed) increases, at does so with a decreasing rate. It will be 

noted here that there is a close similarity between Fig. 2 and Fig. 4 This shows 
that it is the amount of adsorbed which governs the fate of in the 
exchangeable and the non-exchangeable form. It appears that the similarity 
found in Fig. 4 in the behaviour of H+, Ga+'^i .Mg'^ s and Na*^ ions and 

dissimilarity in the behavior of ion in replacing the adsorbed K1 ions is 

observed here also. The amount of in exchangeable form was also plotted 
against the amo_unt of„.K+ adsorbed, with the ordinafes and abscissa of equal 
scales. A close similarity between Fig. 3 and Fig. 5 is observed. 
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^tie slow increase in the amount of exchangeable and the linear increase 
in the amount of non-exchangeable K"^ indicate that as long as the fixing capacity 
of the soil is not satisfied most of the adsorbed K ions are being fixed and a very 



Amount of K"^ Fixed in M,E./100g Soil. [O.D-] 

Fig, 4. Amount of K*^ Non-Exchangeable [Fixed] in ME/lOOg Soil [O.D.] 



Amount of ‘K’ Exchangeable in M.E./lOOg. Soil [O.D.] 
[ :376 ] 
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^mall quantity reamins in the exchangeable form. And as soon as the fixing 
capacity is satisfied the amount of exchangeable K+ becomes larger. 

Barshad (4), Hendricks, Melson and Alexander (19), Jackson and Heilman (25) 
observed a hydrated nature of Ba^^ and Na+ ions and the unhydrated 

nature of K and NH4 ions at the exchange complex of soil or clay. Due to their 
hydrated nature, ions like Ga+'^, Ba-^^ and Na+ may not enter the lattice 

“hole” with a diameter of 2'8 X. Thus these ions are unable to replace the fixed 
K ions. On the other hand, NH^ ion having nearly equal ionic diameter as that 
of K and being unhydrated, can easily penetrate the “lattice hole” (the space 
between the two sheets of hexagonally placed oxygen atoms ), as described by 
Page and Baver (32) and can easily replace the fixed K ions which are in a 
nomreplaceable form by H+, Ga++, Mg++, Na+ and Ba4+ ions. The fore-going 
discussion indicates that the fixed can easily be made replaceable even under 
field conditions by NH4+ ions and vice versa, provided there is thorough leaching 
in the soil column and free movement of ions. 

The results obtained for the fixation of in the soil saturated with different 
ions like Ga+4, Ba^"^, Na"^ and NH4+ prior to fixation are shown in 

the Table 10. The fixed recovered in the saturated soil prior to fixation 
was very small, only 2*03 m.e./lOO g. soil with N KCl as fixing source as compared 
to 28*21 m.e JiOOg. soil when alcoholic KOH was used as the K+ fixing source. 
But when the soil was pre- saturated with Ga^"^, Ba*^*^ and Na+ the fixed K+ 

released was much greater as compared with the saturated one, when N KCL 
was the fixing source. Still greater recovery of fixed K*^ was obtained when the 
alconolic K*^ was used as the fixing source. This shows that the fixation of K+ 
at a high pH exceeds the quantity of K^ fixed in the neutral or in the acidic 
condition in soil. It is interesting to note that with the ammonium ion saturated 
soil the fixation of was higher with the neutral normal KCl as well as with the 
alcoholic KOH treated soils. Stanford (39) found considerable increase in the 
amount of K"^ fixed by increasing the pH with either NaOH or Ca (OH)^! in illite 
minerals, it has been frequently reported that lime addition stimulates the fixation 
of K-^. Mac Intire et al (31), investigating the effect of long term lime and 
magnesia treatments upon the outgo of the subsequent addition of K+ found 
that the addition of lime to the soil increased the fixation of K*^. Harris (23) has 
reported that hydrated lime results in an increase in the quantity of K^ a soil 
will fix. The work of Wrenshall and Marcello (48) confirms the observations of 
Harris (23) Gilligan (18) also noted, that K+ fixation increases with the increasing 
of pH. Peech and Bradfield (35), demonstrated that increasing the quantity of 
Ga*^"^ in the exchange complex favours the exchange adsorption of K+. Ayres (3) 
showed that with increasing pH, more K*^ enters the exchange complex and 
consequently more is fixed. Joffe and Levine (27) concluded from their 
investigations that increase in the fixation of K"^ by lime addition is due to the 
increase in the pH of the system, by means of which more K*^ is able to enter the 
exchange complex rather than to Ca-^+ itself. Peterson and Jennings (36) also 
obtained similar results. A conclusion can be drawn from the present investigation 
that soil having high pH values or having being saturated with bases like Ga++, 
Mg*^"^) Ba"^”^ and Na+ are capable of fixing K^ ion while acid soils are less 
susceptible to fix potassium. 

REFERENCES 

1, Allaway, H. and Pierre, W. H. J. Am. Soc. Agron., 31 : 940 (1939). 

2. Ahoe, O. J 5 Soil Sci, Soc. Amer. Proc^^ 11 : 145 (1946). 

' 3, Ayers, A. S. Soil Sci,, 51 : 265 (1941). 

4. Barshad, I., Am, Mineralogist , 35 : 225 (1950). 

1 377 1 



5. Bartholomew, R. P. and Janssen, G., Ark. Agr. Exp, Sia, BuL, 265 (1931). 

6. Breazeale, J. F. and Magistad, D. G., Univ, Ariz, Tech. BuLy 24 (1928). 

7. Barshad, I., Soil Sci., 77 : 463 (1954). 

8. Barshad, L, 5a., 78 : 57 (1954). 

9. Blume. J* M. and Putvia, E. R., J. Am. Soc. Agron., 31 : 857 (1939). 

10. Barshad, I., SailScu^ 72 ; 362 (1951). 

11. Cbaminade, R., Compt. rend., 203 : 682 (1936). 

12. Chaminade, R. and Drouiaeau^ G., Am. agron., 6 : 677 (1936). 

13. Chapman, H. D. and Kelley, W. P., Soil Sci., 30 : 391 (1930). 

14. Dhar, N. R , Nat. Acad. Sci. India, 25 : 211 (1956). 

15. Dyer. B., J. Chem. Soc., 65 : 115 (1894). 

16. Frear, W. and Erb, E. S.. J. Agri. Resarch 15 : 59 (1918). 

17. Gorbunov, N. J., Khimizatsiya sotsialist. Zemledeliya, 5 (2-3) : 82 (1936). 

18. Gilligan, G. M., Del. Agri. Exp. Sta. Bui, 215 (1938). 

19- Hendricks, S. B., Nelson, R* A., and Alexander, L. T., J. Am, Chem. Soc., 62 1457 (1940). 

20. Hoagland, D. R. and Martin, J. G., Trans. 3rd Internatl. Gong. Soil Sci., 1 : 99 (1935). 

2U Hoagland D. R, and Martin, J. G., Soil. Sci., 36 : 1 (1933). 

22. Hanway, J. J., Scott, D. D. and Stanford, G., Soil. Sci. Soc. Amer. Proc., 21 : 29 (1957). 

23. Harris, H. G., Soil Sci., 44 : 265 (1937). 

24. Joffe, J. S. and Kolcndny, L., Soli Sci, Soc. Amer. Proc., 3 : 107 (1938). 

25. Jackson, M. L. and Heilman, N. N., Soil Sci. Soc. Amer. Proc., 6 : 133 (1941), 

26. JofFe, J. S. and Icvine, A. K., Soil Sci., 62 : 41i, (1946). 

27. JoSe J. S, and Levine, A. K., So:l Sci , 63 : 241 (1947). 

28. Levine, A. K. and Joffe, J. S., Soil Sci., 63 : 329 (1947). 

29. Mitra, S. P. and Prakash, D-, D. Phil. Thesis, Allahabad University (1956). 

30. Martin, J. G. Overstreet, R., and Hoagland, D. R. Soil Sci. Soc. Amer. Proc., 10 : 94 (1945). 

31. Macintirc W. H., et ah, Jour. Am. Soc. Agron., 28 : 202 (1936). 

32. Page, J. B , and Baver, L. D., Soil Sci- Soc. Amer. Proc.^ 4 : 150, (1939). 

33 Paulii^, L-, Ihc nature of the chemical bond and the structure of molecules and crystals. 
ComeU. univ. Press, New York. 


34. 

35. 

36. 


37. 

38. 


39. 

40. 


41. 


42. 

43. 

44. 

45. 

46. 

47. 

48. 

49. 

50. 


Page, H. J. and Williams. W.. Tram. Faradav Soc , 20 : 573 (1924). 

Pceeb, M- and Bradfield. R., Amer. Soil Survey Aisoc. Bui, 15: 101 (1934). 

Peterson, J. D. and Jennings, D. S., Soil Sci., 45 : 277 (1938). 

Sears, O. H., Soil Sci., 30 : 325 (1930;. 

Stanford, G. and Pierre. W. H., Soil Sa. Soc. Amer. Proc., 11 : 155 (1946). 

Stanfords G-, Soil Sci. Soc. Amer. Proc., 4 : 177 (1939). 

Schachtschabeh P., Bodenkunde v. Pfianzenernahr 3 (48) : 107. 

Stanford, G., Soil Sci. Soc. Amer. Proc., 12 : 167 (1947). 

Truog, B. and Jones, R. J., Ind. Eng. Chem., 30, 882 (1938). 

Volk, N. J-, Soil Sci, 37 : 267 (1934). 

Volk, G. W., Soil Sci., 45 i 263 (1938). 

VViklander, L., Soil Sci., 69 : 261 (1950). 

Wear, J. I. and White, J, L., Soil Sci., 71 r 1 (1951). 

Wiegner, G J., Soc. Chem. Indus., 50 : 103T ( 1931). 

Wrenshall, C. L. and Marcello, L. S., Sci.Agr. 21 : 448 (1941). 

W^sh, L. M. and Murdock. J. T.. Soil Sci, 89 : 18S (1960). 

''^Plant^an?iysisUDiveSn’'of (1934). Soil and 


[ 378 ] 



lODOMETRlG DETERMI NATION OF NITROSO GROUP IN 
SEMIMIGRO SGALE 

By 

R. D. TIWARI and J. P. SHARMA 
Department of Chemistry, Urdversity of Allahabad, Allahabad 
[Received on 27th June, 1963] 

abstract 

An iodometric procedure for the semimicro determination of nhrcso group in aromatic tiiroso 
compounds has been presented. Nitroso compounds liberate an equivalent amount of iodine from an 
acidified solution of potassium iodide. 20-30 m? sample was dissolved in glacial acetic acid or 
purified ethanol and treated with 10*0 ml (10%) potassium iodide solution in presence of 5 ’0 ml of 
6N hydrochloric acid. After 20 minutes liberated iodine was titrated with standard sodium thiosulphate 
solution to the starch end point. 

Blank determination on exactly equal amounts of reagents was carried out under identical 
conditions. 

Nitroso compounds caa be reduced with an acidified solution of potassium 
iodide, liberating an equivalent amount of iodine which can be titrated with 
sodium thiosulphate solution. The importance of this reaction lies in the fact that 
aromatic nitro compounds do not undergo this reaction and hence determination 
of nitroso groups can be done even in the presence of nitro compounds. lodometric 
determination of diphenyl nitrosoamiae has already been reported by Becker and 
Shaefer^. A similar iociometric procedure for nitrosobenzene has also been 
reported by Lobunets and Gortins’ka^. Efforts have been made in the present 
work to adopt this procedure in the semimicro and micro scales. Though the 
method does not seem promising in general for all nitroso compounds, fairly good 
results can be obtained in the case of some nitroso compounds in the semimicro 
scale. The procedure did not yield satisfactory results in the micro scale. Since 
mineral acids also liberate iodine from potassium iodide solution, performance 
of blank on the exactly equal amounts of reagents run for the equal amounts of 
time, is essential. Blank values increased with increasing time.- 

The reaction time also varied with different compounds. BNitroso 2“iiaphthol, 
6-nitroso m-cresoi and 5-nitroso c-cresol reacted quantitatively in 15-20 
minutes while 2-nitroso 1-naphthoi gave values which were about 2% low 
even after 45-60 minutes of reaction period. 4-Nitroso i~iiaphthol did not 
give satisfactory results even after reaction had been allowed to proceed for more 
than one and half hours. 

Colour of the reaction products interfered with the starch end point in some 
cases 2-Nitroso 1-naphthol, 6-nitroso m-cresol and 5-nitroso o-cresol gave clear 
end points while l-nitroso 2-naphthol and 4>nitroso 1-naphthol gave brownish end 
point. However, after a little practice it would not be difficult to locate the 
correct end point 

All the determinations were carried out in aqueous solutions in presence of 
nitrogen gas. 3-4 mi of glacial acetic acid was used as solvent. Purified ethanol 
may be used for the substances which have low solubility in acetic acid. The 
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results of determinations in the semimicro scale on five nitroso compounds are 
given in table 1, 

experimental 

Reagents: — 

6N hydrochloric acid (A. R.), 10% solution of potassium iodide (M. A. R., 
H. and W.), 0*05N solution of sodium thiosulphate (A. R., B. D. H.), Glacial 
acetic acid (A.R purified ethanol, 1% solution of starch (A. R., B. D. H.) 

prepared afresh each day. 

TABLE I 

Percentage of nitroso group determined iodometrically in the semimicro scale. 


Compound Percentage of nitroso group 



Cal. 

Found 

Mean % error 

1-Nitroso 2-Naphthol 

17*34 

16*93, 

16*76 

-0*50 

2-Nitroso 1-naphthol 

17*34 

15*34, 

15*28 

-2*03 

4-N itroso - 1 -naph thol 

17*34 

14*00, 

13*36 

-3*66 

6-Nitroso m-cresol 

21*87 

21*46, 

21-24 

-0-52 

5-Nitroso o-cresol 

21*87 

20*92, 

20*70 

-1*06 


Procedure: 

20-30 mg sample was accurately weighed and carefully transferred to the 
reaction flask provided with an arrangement for passing nicrogeo gas. The 
sample was dissolved in 3-4 ml of glacial acetic acid (or purified ethanol) and 
5 0 ml of 6N hydrochloric acid added. The air inside the flask was removed by 
passing nitrogen gas for few minutes; 10 0 ml of potassium iodide solution added, 
nitrogen supply cut off and the flask stoppered and set aside in dark for 
20 minutes. After the reaction was over, liberated iodine was titrated with 0*05N 
sodium thiosulphate solution to the starch end point. 

A concurrent blank on the exactly equal amount of reagents, except the 
sample, was run under identical conditions and the blank value substracted from 
the reading. 
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REACTION BETWEEN ^-TOLUIDINE AND m-DINITROBENZENE 


R. D. TIWARI 

Department of Chemistry, Allahabad University, Allahabad 
[Received on I9thjuly, 1963] 

ABSTRACT 

The reaction between />-toluidine and m-dinitrobenzene has been studied and the colour form- 
ation when the two substances are mixed in the solid state or in the ethanol solutions has been ejqjlained 
on the basis of the intermolecular charge-transfer complex formation and hyperconiugation. 

When solid samples of ^-toluidine and wi-dinitrobenzene are mixed together, 
an intense orange colour develops immediately and the two components melt. 
The addition of a suitable solvent such as ethanol to the mixture does not destroy 
the colour, though on account of dilution the colour appears yellowish in the 
solution. If the separate solutions of p-toluidine and m-dinitrobenzene in ethanol 
are mixed together, the yollow colour develops immediately in this case as well. 
The behaviour of some aromatic nitro compounds towards aromatic and aliphatic 
amines has been investigated by Mulliken^ and others and it has been shown that 
in all such cases intermolecular charge-transfer complexes are obtained. While in 
the case of interaction between aromatic nitro compounds and aromatic amines 
the complexes show a single featureless absorption band in near ultraviolet or 
visible region, the interaction of aromatic nitro compounds and aliphatic amines 
produces complexes which may give more than one absorption band changing in 
shape and intensity with time^’^’^. It appears to be necessary that for the charge- 
transfer absorption the donor should have a high-energy filled orbital and the 
acceptor a low-energy vacant orbital and these orbitals should overlap.® 

The case of interaction between ^-toluidino and m-dinitrobenzene appears to 
be influenced by another factor also and that is hyperconjugation or no-bond 
resonance in /Htoluidine. Absorption measurement of the complex formed in 
ethanol shows that the region of absorption is mostly in between 320 to 400 
It is reasonable to assume that in the region (300 — 4r00m/^) absorption characteristics 
of the unreacted components are also present particularly on the lower wavelength 
region (near 320 m/*). 

The positon which is ^^-or ^-with respect to both the nitro groups is expected 
to be highly reactive for this reaction due to the electron attracting nature of the 
two nitro groups. Thus considering the above facts and the similar observations 
for the other groups of donors and acceptors by other workers mentioned above, 
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it can be tentatively suggested that the stoichemetry between the components in 
solutions in this reaction is 1 : 1 and the structure of the complex is : 



m 



I 


The stoichiometry of 1 : i may also be expected due to the steric factors. The 
detailed study of the reaction in respect of the nature of the complex, stability and 
also with other nitro compounds is in progress. 

EXPERIMENTAL 

Materials -m-DinitrohtnzQne (M. A. R., Hopkins and Williams Ltd. Eng- 
land), ^-Toliiidine (AnalaR, B, D. H. England), ethanol absolute pure. 

Apparatus — ^Beckman model DU Spectrophotometer equipped and attached with 
a multiplier phototube operated at varying senstivity. Cells - Beckman Gorex 
1-005 cm cells. 

Solutions of m-dinitrobenzence and ^*toluidine were prepared separately 
and the components mixed. All the absorption measurments were done at room 
temperature. 
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STABILITY OF 

ARSENIOUS SULPHIDE SOL OF DIFFERENT PARTICLE SIZES : 

OPTICAL STUDY 

By 

B. K. MITRA and S, P. MUSHRAN 
Chemical Laboratories, University of Allahabad, Allahabad 
[ Received on 1st July, 1963 ] 

ABSTRACT 

Three samples of arsenious sulphide sols of different particle sizes were obtained from a 
polydispersed sol by centrifuging through a laboratory Sharpie’s Supercentrifuge at 6,000, 12,000 and 
20,000 r, p. m» The stability of the sols was investigated employing a Klett Summerson photoelectric 
colorimeter. It has been shown that the sol sample having particles of biggest average size obtained 
by centrifuging at the lowest speed viz, 6,000 r. p. m. is least stable* The stability gradually increases 
with the decrease of the average paT tide size. It has been further shown that the presence of dioxan 
decreases the stability, while alcohol brings about an increase, Bhattacharya’s equation is applicable 
for the process of coagulation. 

Several optical methods have been used by various workers to study the rate 
of coagulation of different sols. Mukherjee and coworkers^ used optical methods 
for studying the rate of coagulation of gold sols, while Ghosh and Rai^ made 
similar investigations with silver sols. Prasad and Modak® have studied the 
velocity of coagulation of sols by following opacity changes during coagulation. 
Tezak^ made tyndallometric observations to follow the process of coagulation of 
silver halide sols. Ghatterji and Tewari^ used Spekker photoelectric absoptiometer 
in' their investigations on the effect of non-electrolytes on several sols. Prakash® 
investigated the extinction coefiScients of several inorganic gels, and Mushran 
and Prakash*^ investigated the negatively charged colloidal solutions of various 
ferric salts employing Nuttings photoelectric colorimeter. Ottewill -and Watanabe® 
have investigated the stability of positive silver iodide sols in presence of anionic 
surface active substances employing unicam SP 600 spectrophotometer. 

Optical methods of studying the coagulation of sols have the advantage in 
the fact that they provide us with a fair idea of the rate of coagulation of sols by 
different concentrations of the coagulating electrolyte and also of the different 
stages of aggregation reached in the coagulation process at different intervals of 
time. Bhattacharya^ has tested the validity of Bhattacharya’s equation making 
use of the time taken by different concentrations of the coagulating electrolyte to 
reach the same stage of aggregation in the process of the precipitation of silver 
halide sol. 

We have here studied the coagulation and sensitisation of negatively charged 
arsenious sulphide sol employing Klett-Summerson photoelectric colorimeter. Effect 
of particle size and effect of non-electrolytes on the stability of the sols have been 
investigated. Attempt has also been made to test the validity of Bhattacharya’s 
equation. Of the large number of observations made only a few have been tabled 
or plotted here to illustrate and discuss the results from the point of view of the 
above effects. 

EXPERIMENTAL 

A fresh sample of negatively charged arsenious sulphide sol was prepared by 
the usual method. It was centrifuged employing Sharpies’ Laboratory Supercen- 
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trifuge at three different speeds viz., 6,000; 12,000 and 20,000 r. p. m. to obtain 
three samples A, B and G respectively, differing in the average sizes of the colloid 
particles. The sulphide content in each sample was made the same (T71 gm. 
As^Sg/ litre) after due estimation and proper dilution. 

For purpose of study 2*0 ml of sol was taken each time in Klett test tubes. 
Different amounts of the coagulating electrolyte or the coagulating electrolyte 
plus non-electrolyte mixture were taken in another series of test tubes and the total 
volume was kept 6*0 ml, in each case. The electrolyte used as coagulant was 
potassium chloride and the non-electrolytes used were dioxan and ethyl alcohol, 
all of A. R. quality. Filter No. 42 supplied with the instrument was employed for 
optical density measurements. 

OBSERVATIONS AND RESULTS 

Colorimetric readings obtained with sol A coagulated by different amounts 
of potassium chloride have been shown in Table I. The readings obtained with 
sols A, B and C, coagulated by a definite amount of potassium chloride have been . 
placed in Table 2. Table 3 records the same values for sol A coagulated by the 
same amount of electrolyte in presence of dioxan and ethyl alcohol, each of 2% 
concentration in the total volume. In Tables 4 and 5 the colorimetric readings 
for all the three samples of the sol coagulated by the same amount of potassium 
chloride in presence of the same concentration of the non-electrolytes have been 
respectively compiled. 

The process of coagulation of sol A with different concentrations of the 
coagulating electrolyte has been graphically shown in Fig. 1. Since the colori- 
metric reading multiplied by the factor 0‘002 gives the optical density (log IJh) 
at any time of observation, such readings have been directly plotted against time. 



Fig. 1. Plot of Colorimeter reading vs, time : Sol A + KQ, 
I ^4 j 



i^or purpose of testing the applicability of Bhattacbarya’s equation 


C — a m in ' 

the following procedures were adopted. The times corresponding to the same 
stage of coagulation with different concentrations of the electrolyte were deter- 
mined by drawing a line parallel to the time axis in the colorimetric reading (GR) 
vs. time curve (Fig, 1) and these have been placed in Tables 6 and 7. Having 
thus known the times (t) of coagulation by different concentrations (<?) of the 
electrolyte for the same stage of coagulation, the C vs. IJt curve was plotted (Fig. 2). 



Three such curves have been shown for three different stages of coagulation. After 
knowing the value of the constant a from this curve, 1/(0 a) was now plotted 
against t (Fig, 3) when straight lines were obtained for all the three cases. The 
values of the constants m and n were evaluated as usual and recorded in Table 8, 



Fig. 3. Plot of l/(c— fl) vs. t : Sol xA.+KCL 
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TABLte 1 


Coagulation of Sol A by 0-5 M Potassium Chloride 


Colorimetric Reading 

Time (min,) 

1-9 

Volume of K.C1 (ml.) 

1-8 1-7 1-6 

1-5 

1 

91 

80 

73 

.a* 

... 

2 

100 

85 

80 

- 

... 

3 

111 

91 

84 

75 

... 

4 

122 

95 

87 

80 

• •• 

5 

136 

101 

92 

85 

76 

10 

174 

134 

114 

101 

97 

15 

206 

165 

140 

124 

115 

20 

224 

200 

165 

147 

131 

25 

234 

220 

185 

163 

144 

30 

242 

230 

208 . 

179 

156 

40 

254 

244 

230 

204 

176 

50 

264 

254 

242 

222 

193 

60 

270 

262 

252 

234 

208 

70 

274 

268 

258 

242 

220 

80 

278 

272 

264 

250 

228 

90 


... 

268 

256 

236 

100 

... 

... 

... 

260 

242 

110 

... 

... 

... 

264 

248 

120 

... 

... 

... 

266 

252 
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TABLE 2 

Coagulation of Sols A, B and G by T9 ml of 0‘5 M Potassium Chloride 




Colorimetric Reading 


Time (min) 





Sol A 

SolB 

Sole 

1 

91 

91 

89 

2 

100 

96 

93 

3 

111 

104 

99 

4 

122 

112 

106 

5 

136 

121 

113 

10 

174 

164 

150 

15 

206 

193 

179 

20 

224 

214 

208 

25 

234 

228 

222 

30 

242 

238 

232 

40 

254 

250 

240 

50 

264 

260 

256 

60 

270 

268 

264 

70 

274 

272 

270 

80 

278 

276 

274 



TABLE 3 


Coagulation of Sol A by 1*9 ml of 0*5 M Potassium Chloride in Presence of 



Nomelectrolytes 




Colorimetric Reading 


Time (min) 

Sol A + 2% Dioxan qo/^ non-etectolyte 

Sol A -f 

2 ethyl alcohol 

1 

105 

91 


2 

140 

100 

... 

3 

169 

111 

... 

4 

191 

122 

78 

5 

204 

136 

85 

10 

236 

174 

98 

15 

254 

206 

120 

20 

266 

224 

143 

25 

274 

234 

158 

30 

278 

242 

168 

40 

284 

254 

196 

50 

290 

264 

212 

60 

292 

270 

228 

70 


274 

236 

80 

... 

278 

242 

90 

... 

... 

250 
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tABLE 4 

Goag'ulatiori of Sols A, B and G by 1*9 ml of 0*5 Ivt Potassium Chloride in 

presence of 2% Dioxan 


Colorimetric Reading 

Time (min) 





Sol A 

SolB 

Sola 

i 

105 

107 

108 

2 

140 

145 

148 

3 

169 

174 

180 

4 

191 

199 

206 

5 

204 

216 

226 

10 

236 

246 

258 

15 

254 

266 

276 

20 

266 

278 

286 

25 

274 

282 

294 

30 

278 

284 

296 

40 

284 

288 

305 

50 

290 

294 

310 

60 

292 

296 

310 



TABLE 5 


Coagulation of sols A, B and G by 1*9 ml of 0*5 M Potassium Chloride in 


presence 

of 2% Ethyl alcohol 


Colorimetric Reading 

lime (mm) 





Sol A 

Sol B 

Sole 


4 

78 

5 

85 

10 

98 

15 

120 

20 

143 

25 

158 

30 

168 

40 

196 

50 

212 

60 

228 

70 

236 

80 

242 

90 

250 


75 


80 

73 

92 

85 

113 

104 

135 

125 

148 

137 

158 

146 

183 

168 

196 

178 

212 

192 

216 

196 

222 

202 

230 

215 


TABLE 6 


Values of G and for Sol A at Three Stages of Colorimetric Reading (GR) 


1// X 103 (Sec.) 

0*5 M KCl ~ 

ml CR = 200 CR = 220 CR = 240 


1-5 

18-52 

14-29 

10-50 

1-6 

26-32 

20-41 

15-15 

1-7 

35-71 

28-57 

21-28 

1-8 

50-00 

40-00 

27-78 

1-9 

71-43 

52-63 

34-48 


TABLE 7 


Values of and t for Sol A 

U - fl 


(fl - a) 

1 

C - a 


t (min) 


CR = 200 

GR = 220 

CR = 240 

0-3 

3-33 

54 

70 

95 

0-4 

2-50 

38 

49 

66 

0-5 

2-00 

28 

35 

47 

0-6 

1-67 

20 

25 

36 

0-7 

1-43 

14 

19 

29 



TABLE 8 




Values of the Constants a, m 

and n for Sol A 


Stage 


a 

m 

n X 102 

o 

o 

11 

Q 


1-2 

1-46 

7-19 

CR = 220 


1-2 

1-46 

5-54 

CR = 240 


1-2 

1-46 

4-08 
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DISCUSSION AND CONCLUSION 

A perusal of the data presented in the above tables show that the coagulation 
of Sol A proceeds at a faster rate than Sol B or Sol C. This means that the sol 
sample having particles of biggest average size obtained by centrifuging at the 
lowest speed (6,000 r. p. m.) is least stable and the one having particles of smallest 
average size obtained by centrifuging at the higest speed (20,000 r. p. m.) is most 
stable. That is the stability follows the following order 

Sole > SolB > Sol A 

It is seen that the presence of dioxan in the sol renders it less stable, while 
ethyl alcohol brings about increased stability. The effect of sensitisation or 
stabilisation increases with the fineness of the dispersed particles (vide tables 5 
and 6). It is further seen from the colorimetric data presented in this paper that 
the Bhattacharya’s equation is applicable for the process of coagulation. 
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Complex EoRMAtioN between cerium (tii) AND 

DIBROMOSUGCINIC ACID 
By 

u. c. SAXENA and A. K. BHATTACHARYA 
Department of Chemistry, University nf Saugar, Saugor, M. P. 

[Received on 5th October, 1962] 

ABSTRACT 

Complex formation between dibromosuccinic acid (sodium salt) and cerium (III) has been 
studied by the mono variation and Job’s continuous variation methods, the properties investigated 
being conductance, pH and optical density. A 1:1 complex is formed in the system. It has been 
assigned the structural formula, [Ge (GOOGHBr)^]*^. Its dissociation constant has been found to be 
7'23XlO''^. The complex exhibits strong continuous absorption in the ultraviolet region. The range 
of maximum stability of the complex has been found to be between pH 5 to 6. 

Though succinic acid has been reported to form chelates with a number of 
metals, dibromosuccinic acid does not appear to have been used as a chelating 
agent. The present work reports our results of a detailed physicochemical study 
on the system, cerous chloride-sodium dibromo-succinate. 

EXPERIMENTAL 

A Doran conductivity bridge was used for conductometric measurements, 
whereas pH measurements were carried out on a Beckman pH meter (model H/2)* 
Absorption studies were made on a Beckman DU-spectrophotometer using a 
hydrogen lamp. The experiments were carried out at a temperature of 28®G. 

A recrystaliised sample (B. D. H.) of cerous chloride was used. The cerium 
content was estimated by precipitation as cerous oxalate, subsequent ignition to 
ceric oxide and weighing as GeOg. Sodium salt of dibromosuccinic acid was 
prepared by mixing the equivalent amounts of acid (B. D. H.) and anhydrous 
sodium carbonate (Analar). Concentrated solutions of hydrochloric acid (Analar) 
and sodium hydroxide were used for adjusting the pH of the solutions. All 
solutions were prepared in conductivity water. 

COMPOSITION OF THE COMPLEX 

pH Siudyi^A series of solutions was prepared by taking a constant volume 
(5 ml) of M/30 cerous chloride solution, adding to it increasing volumes (from 
1 ml to 20 ml.) of equimolar sodium dibromosuccinate solution and making 
up the total volume of each sample to 25 ml. by the addition of conductivity 
water. The solutions were kept for some time for attaining equilibrium. The 
pH values when plotted (Fig. 1 curve A) against the molar ratio, sodium dibromo- 
succinate/ cerous dhloride, exhibited a definite break at one, suggesting, thereby, 
the formation of a HI complex in the system. 

Conductometric study: — Measurements, of conductivity and a plot of the 
observed data yielded curve B (Fig. 1) with a break at 1:1 ligand to metal ratio. 
Job’s method of continuous variation^ was also applied to confirm the above 
conclusion. Three sets of equimolar solutions (viz. M/30, M/4D and M/60) of 
sodium dibromosuccinate and cerous chloride were used for this purpose. The 
deviations from additivity rule, in each case were plotted against the precentage 


[ 391 J 



of tlie ligand (Fig. 2). The curves exhibited definite maxima at 50^ of the 
ligand, confirming, thereby, the formation of 1:1 cerous dibromosuccinate complex. 



Molar ratio - Na dlbromosuccinate/CeClg 


Fig. 1 . Ciomposition of the complex by monovariation method using M/30 equimolat solutions. 
Curve A; pH;»Gurve B: conductance. 



Fig. 2. Composition of the complex by Job’s meihcd; 
fa) Conductometric study: curves A, B and C. 

(b) Spectrophotometric study: curves I, II and III. 
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Spseirophalomdnc Before actually determining the composition of the 

complex It was thought necessary to study the change in optical density witt pH. 
Various samples of the complex were prepared by mixing cerous chloride and 
sodmm dibromosuccinate solutions in 1:1 ratio. Their pH value was adjusted 
within a wide range by the addition of a concentrated sodium hydroxide or 
hydrochloric acid solution. The dilution due to the addition of alkali or acid 
solution was treated as negligible. The observed optical density was plotted 
against the pH The experimental curve (Fig. 3) indicated that the complex was 



Wavelength - su 

Fig. 3. Curve A: Variation of O. D. with pH at 250 mja using M/500 solutions mixed in Isl 
ratio. 

Curve B: Variation of O* D. with wavelength using M/600 solutions mixed in 1:1 
ratio* 

stable at a pH. range of 5-6. In the spectrophotometric measurements, therefore 
the pH of the various solutions was kept constant within this range. ’ 

The variation of optical density with wavelength was also studied. The 
system exhibited continuous absorption (Fig. 3) in the ultraviolet range. 
However, the measurements were carried out at 250 mf-, 260m/* and 270 m/*! 
Application of Job’s method using equimolar solutions of the reactants yielded 
three curves each with a maximum at 50% of sodium dibromosuccinate (Fig. 2). 
This was in perfect accord with the earlier observations. 

Dissociation constant of the complex '. — The dissociation constant of the complex 
was determined by an application of Job’s method to nonequimolar solutions of the 
reactants. Conductivity measurements were carried out with three sets of nonequi- 
molar solutious (viz M/60 cerium-i-M/30 ligand, M/60 cerium + M/40 ligand and 
M/80 cerium-i-M/40 ligand) and the spectrophotometric measurements with M/600 
cerium and M/400 ligand solutions at 250m/* 260m/i and 270m/*. Both the conducto- 




metric as well as spectrophotometric curves (Fig. 4) gave coAsistent values ot the 
dissociation constant, its average value being 7-23XiO~^* 



0 20 40 50 ©0 100 

i of lia dibroskosueolnate 


Fig. 4, DissDciation constant of the complex by Job s method. 

(a) Oondiidometric : Curves B and C. 

( b) Spectrophotomctric study: Gurv^ I, II and III . 

The following structure has been pr<^osed for the cerous dibromosuccinate 
chelate: 

r o 1 - 

1 II I 

I /O-G-GHBr | 

< y 

I \0-G— GHBr I 

i II I 

I O J 


The rise in pH (as seen in Fig. 1 curve A) may be attributed to the libera- 
tion of sodium ions from sodium dibromosuccinate. The rest of the six coordina- 
taon positions of cerium (III) in the above chelate are considered to be occupied 
by water molecules. 
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ON KERNELS IN GENERALISED HANKEL TRANSFORM 


By 

S, P. SINGH 

Department of Mathematics^ Banaras Hindu University, Vararm$i’‘5 

[Received on l7th March, 1962] 

ABSTRACT 

Mehra (5) has introduced a generalisation of the Hankel transform in the form 

g (*) = (.if j ^ 

O 

I have obtained some kernels, which arc the resultant of two kernels and one is the resultant of 
two functions in this paper . Following in the main, the method of Agarwal, various particular cases 
and certain suitable examples have been included, 

1. A generalisation of the well-known Hankel transform 

00 

« (*) = J Jy (^y)f(y) 4y. (i-i) 

O' 

has been given by Mehra^ in the form: — 

00 

g(x) = l/2v J {xyY'^^ ^v,k+i,m <i ^ (^-2) 


where 




, _ f (2m) r(v4-l-m~3fc) -k-m 

-^^_^Tim-k) r^(v+i-^r:2i±^ * 


X 


v+1— m— 3fc 
\^2m v-f-1— .m— 2fc+??z 



(1.3) 


provided that R (v— 2A) +1 > I K (2m) | , R (^) >, > o and 2m is not an 

integer or zero. 


He calls g (x) in (1.2) to be the ^ -transform / {x) and has shown that 

this transform is reciprocal like the Hankel transform. Thus, if g (x) is the x r. i x 
-transform of f {x), so is / (x) of g (x). In case g {x) = / (x) i. e. if / {x) is its own 
Xy ^ -transform, we may say that / (x) is self-reciprocal for the Xy, ^ 
-transform, and may be denoted by m) * noted that on putting 

nj,(Ll) reduces to (LI). 
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Mehra has given certain kernels in this transform connecting different classes 
of self-reciprocal functions. Some more kernels have been given by the present 
author®. The object of this paper is to investigate some more kernels and also 
to find out some kernels which are resultants of two functions in this transform and 
others which are resultants of two kernels. 


2. The necessary and sufficient condition for a function / (x) of A {a, a) to be 
R , , V is that it should be of the form: 


fM- t W2+X/24-1/4 - k±m) ^ {s)x ■" 

^ ~ 2 m J ~~r (v/2+5/2+l/4~2A) 


( 2 . 1 ) 


s^ica 


where ^ (j) is regular and satisfies the relation 

in the strip a < I < a, 

3. Theorem 1. If/ (x) is R 


( 2 . 2 ) 

(2.3) 


V (k+i,m), 


and 




P (at) = 1 - r f x (/^/2 — ^/2-}-3/4-~/j:n) Fx (vl2-\ -s/2+]l4:~k±m) / \ sx , 

2inJ r (V/2+S/2+ 1/4 -2ft) r (/a./2 -15/24-3/4 -21) “ 


e— j CO 


O 


where t is any positive number and «> (i) satisfies (2.2) then 

X 

o 

is ( l + hn ). 


X > 0, (3.1) 
« < o. 


(3.2) 


Proo/i Sincef(x) is , we have 




C (y j2+s!2+ 1 /4 - ft w'i 

2m J ^ r(v/24-j/2-M/4r9li ~ 


t CC 


(v/24-j/2-fl/4-2ft) 


X (s) X ‘ds, 


aadg (x) 




tin 

-J r 2'^ (2/14-i/2+ 1/4 - ft±m) 

2m J _ r(v/2-fV24-V4-2ft) • 

<?— tco 




f 396 ] 



Changing the order of integration, which is permissible,’ we get 


<{x) ==-L r 

^ ^ 2m J 


c^ico 


2^1“^ rx(vl2+sl2+]l4:-kA-m) 1 f p/; -c 

r (V/2+./2+ 1 /4 '^) X (s) ds-j P(% -)y dj. 


c— ICO 


= r — W2+ -y/2+l/4-fc-{-m^ , ^ r. i\ 

2 ’^‘J . P (v/2+^/2+T74=2ir^' r P(u)rf„. 

o 

Now, using a form of Mcllin’s Inversion formula, we get from ( 3 . 1 ) 

r p (u) du = _Px (^/2+3/4— j/ 2— /+n) (v/2+j/2+]/4—A+ m') . 

i/ 1 Wii-5/2+3/4-20 r (v72+r/2+l/4-2*)~ “ 

On writing I —5 for we obtain 

f = ^£M±^^/2-i±m) r*(;^/2+^/2+l/4-i+„^ .. 

J r (V/2-1/2+3/4-2A) r(^‘/2+i/2+i/4-20 “ ^ 

as « ( 5 ) satisfies (2.2) 

Therefore, 

r _i_ _J’'*i’'/2+^/2+l/4-A:±»i) rj((^i/2 + r/2+l/4-f±n) 

2:rt J . r(’'/2+s/2+l/4-2i; r(v/2-^/2-f3/4:^) ^ 


— tco 


X 


' (v/2+f/2+l/4-2i; r (v/2-^/2+3/4-2ifc)'' 
fa: (v/2+3/4— j/2 — Aj; ?n) 


r(fi/2+s/2+l/4-2/) 


X W “ (0 * *• 


= s-/ 


C“|-t00 


« — i OD 


2^1^ Tx{iJ-l2+sl2+\li-l±n , . 

P W2+j/2+)/4 -2/ ^ 


where A (s) =. Pa; (v/2+V2+l/4-fe±»z) (v/2+3/4-r/2-fc±m ) ^ ' 

r(v/24-s/2+i/4-2A) r(v/2-j/2+3/4-^2ifc) 'P J 

There are two theorems converse to this Theorem. 

(.) If/ » is and g («) i. R ^ then P fat) will be given by (3.1). 
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Proof is similar to that of the above Theorem. 

(ft) If i {x) is and P (*., is given by (3.1), then / (*) is ^ 

The proof follows from the theorem itself. 

4. Corollary to Theorem L : — If ia the theorem f^=v, we have a theorem like this; 

Iff(x) is , the function 

g (*) = 4 / P y) f O’) 

o 

is R-v (k+h m ) » 

p (*) = ^ ° 

c—i^ 

= o X < 0 -, (4.2) 

where « (s) satisfies (2.2). 

There are two converse theorems to this corollary also. 

(a) If/(*) is and I (x) given by (4.1) is . then P (?f) will be 

given by (4.2). 

(ft) If P (*) is given by (4.2) and g (x) is R^ then f{x) is also R^ (/fc^-j,^)- 

5. Theorem 2:-l(f(x) is R ^ and (5.1) 

1 

then g (*)= P ( log -± ) fiy) dy (5.2) 

O 

“ R-ft (f+i,!)) satisfies (2.2). 

Proof of this theorem follows from theorem 1 . 

There will be two theorems converse to this theorem too. 

(a) If/ (x) is R^ ^^and g (x) given by (5.2) is R^ then P {x) will be 

given by (5.1). 

(b) If P {x) is given by (5.1) and g (x) given by (5.2) is R^ (/-|-i n) ’ ^ 

P’v (*+ir>'7!) ' 
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6. Mehra has given the theorem: 


and 


jV/ 


2^ rA;(v/2+V2+V4-fej:m'i Tx(t>-l2+sl2+\!i—l±n ) . . — j 


r (v/2+j/2+l/4-2i) r (fi/2+V2+l/i-2/) 


t«(f)A; ds, 


where u (y) = a (1 — s), (6.1) 

then g (a;) = J P {xy)f{y) dy, (6.2) 

O 

“ («+i. «) ■ 

There are two theorems converse to this theorem also. 

(a) If/ (a;) is , arid ^ (a?) given by (6.2j is ^ ^ 

given by (6. 1). 

Pmo/:— Multiplying (6.2) by x ^"^^and integrating between (o, co), we get 

CD ■ ^ ^ 

T g (*) dx = j fif) P (*j>) dy J rfx 

5 O O 

Changing the order of iritegration, which is possible, 
we get 

00 CO 

j g (x) dx = J f{y) dy J x^~ P (xy) dx, 

O O O 

On writing a for xy, we have 

ce CO ' ' CO ■ ■ ■ 

r x^'~^g(x)dx = j y~^ f(y)dy Ja^“ ? (u) du, (6.3j 

J 0,0 

o 

Now, since / (a:) is ^ (/-[-j, „j > 

If 2 /^Fa; (yl2+sl2+]Ii-k±m) . -r ^ 

/W = ^ J r (v/2+s/2+l/4-2fc) 

C — !« 

where ^ (a:) is regular and satisfies (2.2). 
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Applying Mcllin’s Inversion formula to this, we get 

J r(v/2+^/2+l/4~2/t) ^ 

Writing 1— -J in place of s, we obtain 

r x~^ f (x) dx =« ^ W2— ^/ 2+3/4--fe-l-ffi'i . , , 

J r (v/2-^/2+3/4-2ifc) ^ 

Similarly 

Therefore, from (6.3) we have 


/«'■'* P(«) 


du = r (v/2-i/2+3/4-2fc) 

r (/*/2+f/2+l/4— 20 r* (vj2—sl2+3l4:—k±m) 


■= ~ f a; (v/2+^/2+1/4— A jr”^) T a; W2-4-^/2.f 1 /4— ?-l...) 

f (>'/2+^/2+l/4--2it) r '(i«'/2+i'/2+l/4ll20 " 

where co (0 = _1. f (v/2-./2+3/4-2fe) F rv/2 -l-^/2-l^V4^9j!:> 

\/2 Fa: (v/2.7h02+l/4-’A±ra) Fa; (v/ 2— f/2+3/4— Aim) ' 

Hence w (s) satisfies (2.2). 

Thus, by Mellin's Inversion formula, we get 

CO 

P('a;')=_L r 2 __JX!/2+f/2+]/4-^:±m)rA:(M/2+i/2+l/4-/i;n) ,, 

27ri j _ r (v/2+^/2+l/4-2A) r (/x/2+^/2+ 1/4-27) ^ 

« — 100 

Thus the theorem is established. 

Cofo/iarj;— If g (*) is and P (a) is given by (6.1), then f (x) is 

(A-f Jim) ‘ 

7 . Another rule he has given is: 


If fix) is R 
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where <»(s)satisaes (2.2). 


(7A) 

(7.2) 


,N_i 

then g W ^ V J N ' 

o 

belongs to 

The converse theorem rs. ^ , then f (*) 

lf/(*)«®-v(fc+|.»”) 
be given hy (7.i). 

Another converge theoteo i.^ ^ ^ p 1 ,, *ea / « » 

If g (*) given hy (7-2) is (l+4,n) 

(&+%.«)• 

8. TA«of««f.-There8nltant 

P(,)= Jaw/.o)**^ 

O 


,f two functions given hy 

<+‘®„s|2 r« (v|2 + l/4r+s/^r^i??^ <l»C*^ * 

A w = aJ . 

e— 105 

- s , (8.3) 

*;+‘V^ f;((M/2 + ^/2 + yil^Ks)* 

, -f ('9 2') is a hernei transfer 

H =0<.<1 + 

where ^ 

P,oo/;.-Consider the resultant function 
P(*)= J/i(*.)’) 

O 
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= J A W 


o 


I r 2 ‘‘‘‘ ^^c (v/2+i/2+.l/4— A;±m) 
r (v/2 + i/2+l/4-2A:) 

e—ico 


4> (s) (xy) 


I 




from (8.2) 


Changing the order of integration, which is permissible, we obtain, 
Ci-ico 


2^/2 


rA;(v/2 + sl2 + ll4-k±m ) ^ C -s y ^ 

r(v/2+i/2 + l/4-2fc) J 


ICO 


Now, applying Mellin’s Inversion formula to (8.3) and chaning s into 1 s and 
also remembering that ^ ( 5 ) = ^ 



2^2 V2 rx{i>.l2-sl2+Vl4:-l±n) . 
r(A‘/2+3/4-i/2-20 


« + ico 

Hence P (;tf) = — L— ( 

- - 27ri J 


C— ICO 


2^ fa; (v/2+ ^/2+l /4— fc±>n) Fx (m/2 — ^/2 + 3/4 — / jm) 
'~r(r/2 + i/2+l/4-2i) r (fx/2- 5/2 + 3/4-20 . 

^ (0 f ^ 


e+tv> 

_ J_ /• rx (v/2 + ^/2+1/4-A±ct) fx (/t/2-5/2+3/4^f±B) 

“ 2wi j _ r(v/2+j/2+l/4-2fc) r(/^/2-^/2 + 3/4-2Zj, 

ico 

where o (j) » v'2 ^ ( 5 ) ( 5 ) and satisfies (2.2). 

Thus P (;if) is a kernel transforming R ^ (^ 4. 1 ttz) (Z+i-sn). 

To justify the change in the order of integration we consider the integral = 

CO C + icO in 

\\ My) ] dy f [ ? r(v/24-^/2+l/4-^±m) ^ ^ (8.4) 

J \JiKy) J I fiW2 + j/2 + l/4r-2^:) . 


tf-lCO 


On putting s = <+ and using the Asymptotic formula 

I ^ (A+i^) 1 ^ G I M \ t \ ^ as I ^ 1 CO, 

We see that (8.4) is not greater than a constant multiple of 

J \ f»(y)\ y~' dy J [/ I »'/2+«/2-l/4,;,(«_f0(i<, 

O — CO - . . 
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the change in the order of integration will be thus permitted if both the y and i 
integrals separately exist. They will exist if both the functions (x) and /a (x) 
belong to A (a, a), (Mehra Thesis). 

Now, the modulus of the integrand in (8.4) is not greater than a constant 
multiple ofy-^ I t \ W2+cr/2- 1/4 -\t \ (a-v- | Q | ) 

for^(,)= o( + I'l ) 

for every positive V < cl and uniformly in any strip interior to a < <r < 1 — o; 
where c is any value of <r in the above strip: Thus, the integral converges uniform- 
ly in any domain of x interior to the angle a , and in any smaller angle, is 

o( |.l ) Since c may be taken as near (1— fl) or a as we please, (x) 

belongs to A (a, a). Similarly /, (x) also belongs to A (a, a). 

In order to illustrate the above theorem let us take examples: 

Example 1. Let ( ac) = , which is J 

and/. (,) = r* «’ ^ ) 

which is R /T , T V 

V (k+i, m). 

Then the resultant 
00 

p (*) = J A M ./a (y)dy - - - . - 

By a formula given by Goldstein, we have - - ' 

p M * fir (v/2+ 1/2— | 

r;<v/2+l/2-2fc) - 

is a kernel transforming R„ , i v to R . 

Corollary: — On putting p- ==■ v and k = ~m, we obtain a particular case of a 
result due to Dr. Brij Mohan^ which is “The resultant of two function is a 
resultant of the above type”. 
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9. The resultant 

CO 

K(*)= f PxO) Pi{xy)dy, 
o 

of the two kernels 

C+«C»p„ /,./0 ! 


1 ;+*“ r^(v/2+^/2+l/4-^±>n) r^W2-5/2+3/4-lj:«) -5^, 

r(v/2+r/2+l/4-2k) r ^/*/2+j/2+3/4-21) 




P _ 1 r 2^ r*(v/2+5/2+l/4-k±m) r*(/*72+i/2+l/4-l'±n') 

anaraw J . T (v/2+i/2+ 1/4- 2k; T ^^*72+s/2+ 1/4-2/') 


« -too 


v/2+i/2+l/4-2k; r ^;*'/2+s/2+ 1/4-2/') 

(9.3) 


w‘h<anc o <c<l, o <c'<l, 

and ©i (^) and (^) both satisfy (2.2). 

The proof follows from the theorem given above. 

E)tamJ>le:—Ltt us take in (9.2) 

9 9 

«• r (1/4+^, +5/2) TT r (3/4-fl. -5/2) 

7*=3 i j=3 ^ 

(,) «= ^ i , 

^ ^ r- 1 r 1 

2 TT r(3/4-.i. --5/2) ir r(l/4-hfl.+ 5/2) 

J j^q+l * 

which satisfies the relation (2.2), if 
a* +hj == i = 4,...., f- 1, 

On replacing — 5/2 by ^ -^1/4, we obtain 

- y 2 -N'^+l+n, -gi^. v/2-2i: 

Pi(*) = (* / v/2-k+m,v/2-k-ffl, 3 ^ + )' 

where 2g > r > ^, 

asa kernel transforming into 

Again; putting 

ff n 

IT r (1/4 + ^. +5/2) TT r (3/4-fl. -5/2) 

_ i=i j=i 

“» W - — — p j , 

V 2 TT r(3/4-i -r/2) ^ T (1/4 + a- + j/2) 

J=fl+1 •' j=n+l 

which satisfies the functional relation (2.2), if 
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and changing -f/2 to <+1/4 in (9.3), we obtain 

- n+4,n /*V4 / v/2-2it, i* 72 - 2 Z' \ 

Pa (») = A /X +m v/2 - - ,n.M72-/'+n'. /*72— 1'— 


where 2rt+ 1 > p > n, 

as a kernel transforming (P +4, n')' 


Hence the resultant kernel is 

CO I 

K(x)=A J i 


given by 

-/*/2 + l-n, -M/2+l+n, _ j, v/2-2i 

v/2-i + m, v/2-i-m, -<‘/2 + 2/ } 




v/2-A+m, vl2~k-m, <‘72-P-n',lV 'V' 


) 


Putting = 4 and using (Meijer 6), we obtain 




/-V/2+A: — m, 

^ / — ^/2— i+w, 


-v/2 

- /a/ 2— Z -n, g6^ v/2— i— m. 


v/2-2i, /A 72 - 2 Z 7 - /*/2-2i; . 

vl2—k-\-m,t‘‘'J2 — l'-n', ~ — Z^+-n7 ~'^l2+2k f 

where | arg x^/4 | < (2n -/>+l) w, and / + r<2n+2} + l, as a kernel transforming 

^/*(Z + i.n) Vo'+i, «'). - 


10. Ttorm:— The resultant 

K. (x) = J Pa ixy) Pa (,)>) dy ([O.i) 

O 

of the two kernels of the form; 


c+i CO 


w = kf 


C — ICO 


rx(v/2+ l/4 + i/2-Z:±m) rx(/A/2+ s/2+ 1/4— Z+n) 
1' (v/2 + ^/2 + 1/4 - 2Q f (/A /2 -f f/2 + 1/4 - 2Z) 


ui(^)x “ 


i oo ^ 

and P fxl — ^ r 2^ Px (v/2-+^/2+ 1/4— Z:+??i) fx (/A72+5/2 + l/4-Z'±m7 
27rj ^ r (v/2+^/2+l/4-2Z:j r (/A72+i/2+l/4-2Z7 

€ —Zoo 

a*g(j)x"'* ds. (10.3) 

where o <c< 1, o < c' < 1 

and ay I (s) and (^). both satisfy (2,2). 

is a kernel transforming into R^, . 
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Proof follows from theorem 8. 

Example-.—Ltt us take wi (j) in (10.2) same as uj -W 

Theo .... ; 

p. w _ A vT, 

/ «« ;-l‘a; + A 

^ 4 j v/2 — fc+JW, v/2-fc— m, P**12—V f «', — V — 

where 2n + 1 >/> > n. 

is a kernel transforming R;^, m) {l-^^ n) ' taking (s) same as 

«j (s) iu (9.3) with n and J> replaced by y and r respectively, we get 

/ *2 /“ iV 6- A \ 

\ 4 / v /2 - k + m, vl2—k—m, I*'l2—l' r{-n', I^'I2—1' -n', 1 g’ g + 1 r )' 
where 2g+ \. > t > q ' 

as a kernel transforming R^ into R^, ^ . . 

Hence the resultant kernel will be given by 

K(») = A ^ - 

^ ^ + r4 b, Jj+r+b 

, -v/2+i-m,-v/2+fc + m, -«72+Z'-n',- /*72+i' + «'. - 

\ j v/2-Z:+m,v/2-i-m,f4/2-Z + n, ;*/2-Z-«,^6p. 

r/2-2i. /*/2-2Z-^^l6^ 
-v/2+2jt,-/*72+2Z' 

where ] arg #* j < (2n-p+l) w and /i+r < 2n + 2g+2, . . 

which is a kernel transforming R^ into R^^^, 

Theorems converse to the above theorems as for the previous ones may also 
be given. 

The author wishes to express his grateful thanks tp Dr . Bri j Mohan for his 
kind help in the preparation of this note and to Dr, Bhagwan Das Agarwal for 
suggestions for the inprovement thereof. 
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CHEMICAL EXAMINATION OF THE PECTIN FROM THE FRUIT PULP 
OF FERONIA ELEPHANTUM ; PART I. THE STRUCTURE OF 
GALACTANS AND ARABANS ACCOMPANYING THE 
POLYGALAGTURONIG ACID 


£j> 

R. D. TIWARl and PURNIMA DAVE 
Chemical Laboratory, Allahabad University, Allahabad 
[ Received on 27ih June, 1963 ] 

ABSTRACT 

The pectin isolated by extracting the fruit pulp of Feronia elephanium Coma gave the following 
results on preliminary examination: ash T68% ; methoxyl 8*61%, methyl ester 1 T7% acetyl ester 2*28^ 
uronide 60*3%, and calcium pectate 79*40%. Hydrolysis with 2N sulphuric acid and its chromatographic 
examination indicated the presence of galactose, arabinose and galacturonic acid, Methylatioo of pecdn 
with dimethyl sulphate and alkali followed by examination of the hydrolysate showed ihe presence of 
three methylated galactoses, 3,4 ~ di - O - methyl - D -galactose; 2,3,6 - tri - O ^ methyl - D - galactose 
and 2s3,4,6— tetra - O - methyl - i) - galactose and three methylated ara binoses i e, 2 - O - methyl — L— 
arabinose, 2,3, •-di - O - methyl - L arabinose and 2,3,5 - tri — O - methyl - 1 -arabinose thus indicating 
the carbon atoms free for linkage. On the basis of these investigation?, structures have been assigned 
for the galactans and arabans which are present with the'polygalacturonic acid molecule of pectin. 

Wood apple (Feronia elephantum) belonging to the natural order Rutaceae 
is a deciduous three found throughout India. The components from various parts 
of the tree are reputed fot their pharmacological importance^'® and have been 
investigated from time to time^»^» 

The present investigation deals with the examination of the fruit pulp of 
wood apple for its pectin content and determination of the structure of the 
galactans and arabans accompanying the polygalacturonic acid. 

From the fruit pulp a pectin has been isolated by extraction with dilute hydro- 
chloric acid, followed by precipitation by ethanol. The crude pectin has been 
purified by repeating the above procedure till a sample of pectin free from 
nitrogen and with minimum ash content was obtained. The galactans were left 
in traces and the araban content was considerably reduced by this method of 
purification. The purified pectin was used for preliminary analysis whereas the 
sample of pectin which had been partially purified was used for methylation 
studies. 

On preliminary examination pectin gave the following results, ash T68% ; 
methoxyl 8*61% ; methyl ester 11*7% ; acetyl ester 2'28% ; uronide 60*3% ; calcium 
pectate 79*40%. Complete hydrolysis of the pectin with 2N sulphuric acid and 
the paper chromatographic examination of the hydrolysate revealed the presence 
of galactose, arabinose, and galacturonic acid. Since the amounts of galactose 
and arabinose present in the pectin have been found to diminish gradually with 
repealed purifications, it indicates that probably galactose and arabinose are not 
a part of the main structure of pectin but are present as galactans and arabans 
along with the polygalacturonic acid molecule, in view of the high uronide 
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content (60*3%), the main building unit appears to be polygalacturonic acid, the 
galactans and arabans being coprecipitated with it. 

The highly purified pectin resisted methylation with dimethyl sulphate and 
alkali®**^ and with Purdie’s reagents.^ When the crude pectin was repeatedly 
methylated at 30^ G with dimethyl sulphate and alkali,'^ a methylated product was 
obtained which on hydrolysis followed by paper chromatographic examination 
revealed the presence of the following methylated sugars which were identified by 
comparing their Rg values (distance moved by the methylated sugar divided by 
the distance moved by 2, 3,4,6 - tetra-O-methly -D- glucose) with those given 
in literature.®'^ The presence of 3,4'di O-methyl-D-galactose ; 2,3,6~tri-0-methyl- 
D-galactose, 2, 3, 4, 6*tetr a- O-methyl-D-galactose, 2-O-methyl-L-arabinose , 2,3di-0- 
methyl-L-arahinose, and 2,3,5-tri-O-methyi-arabinose has thus been established. 
Since no methylated galacturonic acid was obtained it is clear that the uronic 
acid part of the molecule resists methylation whereas the arabans and galactans 
are methylated. 

Corresponding to the galactan three different methylated galactoses viz. (1) 
3,4-di-O-methyl-D-galactose (2) 2,3,6-tri-O-methyl-D-galactose and (3) 2,3,4,6-tetra- 
O-methyl-D-galactose have been identified. Since ;3,4-di-0-methy 1-D-galactose 
denoted by II in the proposed structure, has been identified, this must be linked 
through its and Gg to III and I and the entire unit repeated at G^^, The presence 
of 2,3, 6-tri-O-methyl-D-galactose indicates that this molecule III in the structure 
must be linked through its G^ to II and the unit repeated at G^, 2,3,4,6-Tetra-O- 
methyl-D-galactose has also been identified in the hydrolysate and since only G, of 
this molecule is free, it is evident that this I must form a side chain in the 
repeating unit and must be attached through its Gi to Gg of II. This is also in 
keying with the fact that all three of these methylated galactoses have been found 
to be m equimolecular proportions. 



Further it will be noted that the following methylated arabinose derivatives 

have been identified in the hydrolysate (1) 2- 0-meth>l-L-arabinose (2) 2,3- di-O- 
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ijo-ethyl-L-arabinose and (3) 2,3,5-tri-O-methyl-L-arabiriose showing thereby that th^ 
araban may have the following structure. 



Since 2-O-methyl-L-arabinose has been identified, this V must be linked to IV 
and VI through its Gg and G 3 and the unit repeated at G^. Also the presence of 2,3- 
di-O-methyl-L-arabinose shows that this IV must be linked through its to V and 
to the rest of the chain through G 5 . 2,3,5-Tri-O-methyl-L-arabinose has also been 
identified and since this has only Ci free it is evident that this VI forms a side chain 
in the repeating unit and must be attached through its G^ to G 3 of V in the proposed 
structure. The methylated arabinose derivatives have also been found to be 
equimolecular in proportion. 


EXPERIMENTAL 

Unless otherwise stated, specific rotations were measured in aqueous solutions 
paper chromatographic separations were carried out on Whatman No. 1 paper using 
the following solvents (A) butanol : ethanol : water (40:10:50)^1 (B) butanol: ethanol: 
ammonia : water (40:10:1:49) (G) butanol : aceticacid : water (5:1:4) and (D) 
butanone water azeotropei'^. The spray reagents used were aniline hydrogen 
phthalate, silver nitrate in acetone and ethanolic sodium hydroxide, naphthore- 
sorcinol and trichloracetic acid. 

Isolation and Purification of thi Pectin — Wood apple was crushed and refluxed with 
90% ethanol to remove the alcohol soluble substances. The pulp was filtered and 
air dried. The pulp could now be stored without fungal attack. 

The dry pulp was refluxed with O'OISN hydrochloric acid on a water bath for 
three to four hours, using lOOml acid for every 10-15 gm of the pulp.^^ The extract 
was filtered through cloth and centrifuged to remove suspended particles. The 
centrifuged solution was refiltered through a sintered funnel. 90% Ethanol was 
added with continuous stirring to the filtrate till the final concentration of ethanol 
in the solution reached 50-60%. Pectin precipitated out as a flocculent jelly. The 
mixture was allowed to stand as such for several hours. The crude pectin was 
filtered, washed 2-3 times with ethanol and finally with ether and dried in vaccum. 
The pectin was purified by reprecipitations by dissolving it in warm water and 
pouring ethanol in it. This procedure was repeated several times till it gave a 
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iiegative test for nitrogen and the ash content was reduced to a minimum. The 

30 

purified pectin had a specific rotation («)^ — 181 ’S®. 


PRELIMINARY ANALYSIS OF PECTIN 

Ash Content — About 0*05 gm of the purified pectin was taken in a previously 
weighed platinum crucible and incinerated. After beating to a constant weight 
the percentage of ash was determined. Found ash 1*68%. 

Methoxyl group-— The methoxyl group was determined by heating the pectin 
with hydriodic acid and estimating the methyl iodide so formed by the method of 
Belcher et alA^ Found methoxyl 1 1*07 

Ufonide content— 0^025 gm of pectin was hydrolysed with 19% M. A R. hydro- 
chloric acid. The carbon dioxide so formed was absorbed in 5% sodium hydroxide 
and estimated volumetrically in accordance to the method of Barker, Foster, 
Siddiqui and Stacey.^^ found uronide content 60*3% 

Methyl ester by saponification — OT gm of pectin was weighed in a flask and 
dissolved in 40 ml water. This was neutralised with OT N sodium hydroxide, using 
a mixture of 4% solutions of phenol red, cresol red, bromothymol blue and distilled 
water in the ratio of 3:1; 1:1 as indicator.^® Now 10 ml of 0*05N sodium hydroxide 
were added and the flask allowed to stand for one half hour. The excess of alkali 
was then titrated against 0- IN hydrochloric acid. Blanks were also run. Found 
methyl ester 11*7%. 

Calcium pedate— The method of Carr^ and Haynes^*^ as described by Kertesz,^® 
was followed. Found calcium pectate 79^40%. 

Hydrolysis and identification of the sugars in the hydrolysate — 0*05 gm of pectin was 
hydrolysed with 2N sulphuric acid on a water bath for 24 hr. The solution was 
neutralised with barium carbonate filtered and concentrated under reduced 
pressure. Paper chromatograms of this solution were run in solvents (B) and (G) 
and each sprayed with a different reagent. The Rf values were measured and 
compared with those given in literature. 


Solvent B Solvent C 


Rf found 

Rf in lit. 

Rf found 

Rf in lit. 

Sugar Identified 

0-085 

0-09 

0-155 

0-16 

Galactose 

0-024 

... 

0-13 

0-14 

Galacturonic acid 

0-14 

0*145 

0-20 

0-21 

Arabinose 


^ Spots of galactose, arabinose, galacturonic acid and the hydrolysate were 
applied on another chromatogram which was run in solvent (A). After spraying 
with aniline hydrogen phthalate three spots were seen which corresponded with 
these reference sugars.^ Glucose and galactose were further differentiated by forming 
their benzylamine derivatives^^ by superimposing spots of a 10% methanolic solution 
of benzylamine on spots of the hydrolysate, glucose and galactose. The paper was 
heated at 85° for five minutes and developed in solvent (B) and sprayed with a 
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0-01% solution of ninhy dr in in butanol. The hydrolysate gave a spot correspond- 
ing to the benzylamine derivative of galactose. 

Qjiantitative estimation of the monosaccharides in the hydrolysate of the purified pectin-- A 
weighed amount of the purified pectin was hydrolysed by T5N sulphuric acid, 
neutralised with barium carbonate and filtered.^ The filtrate was made up to 
25 ml. A known volume of this solution was applied on a paper chromatogram 
along with guide spots. After developing in solvent (B), strips corresponding to 
the sugars were cut with the help of guide spots and eluted. The elutes were 
separately oxidised by periodate® and the quantity of monosaccharides determined. 
Blanks were also run simultaneously. Since galactose was not present in the highly 
puritied pectin the paper strip between the uronic acid and arabinose was eluted 
and oxidised. No periodate consumption took place in this elute. Thus it was 
inferred that galactose was not present in this sample. 

Arabinose was determined and found to be 38*92%. 

M ethylation — Pectin (3 gm was dissolved in water (20 ml), dimethyl sulphate 
(30 ml) and 40% sodium hydroxide (60 ml) were added with constant stirnng during 
8 hours. The temperature was maintained at 30^,’ during addition. Methylation 
was also carried out at O'"® but the methylated product was not obtained by this 
method. After two repetitions of the above procedure at 30° the solution was 
concentrated to a thick syrup which was dissolved in acetone. This was remethy- 
lated thrice. The final concentrated syrup was extracted continuously with 
chloroform in a liquid-liquid extractor (downward displacement type) for 20 hr. 
The chloroform extract was dried over anhydrous sodium sulphate and distilled 
under reduced pressure to remove chloroform. The methylated product was a 
30 

thick syrup (a)^+ SI’S in chloroform. 

Hydrolysis and identification of the methylated products — The methylated pectin 
30 

+ 91-8 in CHClg was hydrolysed with 1 N sulphuric acid and methanol at 100° 

for 25 hr. After neutralising the hydrolysate with barium carbonate the filtrate 
was concentrated in vacuo and examined paper chromatographically. The 
chromatograms were developed in solvents (A) and fD) and sprayed with aniline 
hydrogen phthalate The Rf and Rg values were calculated in each case, compared 
with those given in literature and the sugars identified. 


Solvent (il) Solvent (B) 


Rg found 

Rg given 

Rf found 

Rf given 

Sugar Identified 

0-33 

0*32 

... 

... 

3,4-di-O-methyl-D-galactose 

0-37 

0-38 

0*145 

0*14 

2-O-methyl-L-arabinosc 

0-63 

0-64 

... 

... 

2 , 3-di-O-methyl-L-arabinose 

0‘72 

0-71 

0*47 

0*48 

2,3, 6-tri-O-methyl-D-ga lactose 

0-87 

0-88 

0*67 

0*68 

2,3,4, 6-tet ra-O-methyl-D-galac- 
tose 

0-94 

0-95 

0*83 

0*82 

2,3,5-tri-O-methyl-L-arabinose 
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ABSTRACT 

In this paper some theorems on kernels with their particular cases connecting different classes of 
self-reciprocal functions, have been given and illustrated by means of certain examples. 

1. Recently Roop Narain [4] has given a generalisation of the well-known 
Hankel transform, namely 

CO 

g{x) = j^/ XJ {xy)f{y)dy, ( 1 . 1 ) 

by means of the integral equation 

CO 

s W = X J (j «V)/ {}) iy, (1.2) 

o 

where (*) w a function, expressed in its simplest form in terms of G-function- 

as : 


\k 

It is easy to see that 


^-v q21 / ^ 

241 / V, V -f- 2m., 0 , - 2m 


= 0 ( / 


for small x, and = O ( ^ 

for large «, where X = § ^^k-m or v+3/2-fm-i. 


u /I o? when k-\-m = (1.2) reduces to (1.1). The function g (*) given 

by(1.2) IS known as the ^ - transform of/(*). If g (x) =/(*), then/ (*) is 

said to be self -reciprocal in the x l —transform and is written as R ,7. .• 

The necessary and sufficient condition for a function / (at) of A (a, o) to be 
(k, ff?) that it should be of the form i 


T x (vj2+$l2+i + m±m) 
r (yj2+sl2+i+m - k) 


i>is)x ^ds. 
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where <l> (s) is regular and satisfies the equation 
= 4> (1 -s'), 
in the strip a < a < 1 —a. 


(1.5) 

( 1 . 6 ) 


A number of kernels connecting different classes of self reciprocal functions 

for this transform have been obtained by Roop Narain and by R. K. Saksena. In 
this note the theory of kernel functions has been further developed and new kernels 

have been introduced. 


2. Thtorm 1. If/(^) « and k (x) is (k, m) then 

the function g = j P (>(?) dy ) k {a) f {uy) du, 


( 2 . 1 ), 


Is R, {p,q), provided that 

A 


£+1=0 


P {x) = 2m 


I 




2^/^ r, fP./2-i-s i24-i+ni:n) Fx (vl2+i-sj2 ±m±^) 

r (/i/2+r/2+i+ft - 0 I' ('’/2 -sl2+5li+m~k) 

r*(A/2+£/2+i+£^^ ds, 

r (A/2+J/2+l+g -P) 


( 2 . 2,1 


(2.3) 


where ( 5 ) satisfies (1.5) 

CD 

Proof. Let us take Q,(,y) — J k («)/ {uy) du. 

O 

It can be easily seen that 

If Px (!^l2hslQ+i+n±n)T;c ( v/2-5/2+f 

~ P {Pl2+sl2+i+n-l) r (r/2-i/2+5/4+ni-i) 

' (2.4) 

where (i?') 5 satisfies (1*5) 

Hence with the help of (2.4) we obtain 

- CO 

. 1 Cp(;cv)dvf r. {H2+sl2Jri+n±n)Px (v/2-r/2 +f + m±^ 

^ J ^ ^ j r {H2 + sl2+i+n-l) r (v/2 - s 12+51 A+m - k) 

® A - too 

p{s)x''^df, 
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= _L r f;, W24-^/2+i+«±") (v/2-5/ 2+|+ »z±?«) 

2.Tri J r *“ 0 ^ (^/2“" •j/2-f^5/4-|-7?i — 

k—too 

’l>{s)dsi y ^ P (Jtj>) rfj*. 


provided that the iaversioa of the order of integration is justified. 

Therefore, 

h'-\-tco 

rrM f Tx (/i/2 -h^/2 4- i+n ±n) Vx (vf2-sl2+i+tn±m) 

2inJ ^ r(/i./2 + 5/2+f+;2-i!j r(v/2 5/24-5/4+m ~A) 

k — ico 

» 00 

^ (s) ^ds J" P (tt) M ^ (iw, 

o 

where « = and du ^ x djf. 


Now, by Mellin's Inversion formula [2,] we get 
fp(u)n^-^da = 2"/^ r. W2+^/2+i+«±n) T, (v/2~s/2+i+m±m) 

J r(/^y2_+5/2+|+n-0 ^(v/2-^/2+5/4+»I-A) 

o 

f;. (X/2-^/2+f+g±g) ^ 

r (\/2+5/2+f+^ -p) 

Again, writing 1 - ^ for s, we get 



. ^ (;^/2-^/2+f+«±fl) r;c (r/2 + V2^^+w ±;») 

■^>/2-^/2 + 5/4+»-/) r (v/2+5/2H-|+»i-/5) 


r« (X /2 ~^ /2-4- l +g± g) 
r (a/2- s/ 2+5/ i+g-^) ^ 


sinse w (#) satisfies (1.5). 


Hence, 

i+io3 ^ 

gf*) = -L r 2^ r.t (/t/2~;f/2+|+B+») Tx (vI2 + sj2+l+m±m) 

^ ^ 2+ J r (ia/2 - j/2+5/4 + « - 1) r (v/2 + 5/2 + |+?n - k) 

k — ICO 


Pa: (X /2 — 5/2+^ + g+g) F;; (/*/24-s/2+^4-n+n) Fx (v/2 — s/2+^+?rtj;?n) 
i ^A/2-i/2+5/4+?-/i) r (A‘/2+s/2+i -!-(»- 1) F (v/2-5/2 + 5/4 + m-fc) 

X ~ ^ “W+C-^) 
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On changing s into (1 we obtain 


^ W 


k + ioo 



ICO 


2"^/^ Fjc (^^/2 4-^/2+ J+n±n) T*; (v/2- j-/24-f -hmim) 
1 (^i/2 + ^/2 + f-fn--Z) r(v/2-^/2 + 5/4-i-m-^) 


Fx (a/ 2 4-^/2 Fy (^/2 — ^/24-f f n j::») Ta; (v/ 24-^/ 2 + i + m ± m) 
F U/24^/2+i4?-'/>) F (/*/2-‘ 5/2 + 5/4 4^-/; F (v/24-^/2ri-f + m-£) 


where 


fe + lco 



4 — ioD. 


2^^^ rx(X/2 + 5/2+i + g±?) 
r cx/2+i/2+i+?-p) 


X “ (i) + (f) » ^ 


4>{s) x~ ^ds. 


A (s) == 4* W2+^/^+i+” ji”) fa (ft/2-5/2 + | +nrl:n) T x (v/2+^/2+ i+m 4-m') 
f (;‘/2+i/2+f+«-/) r (M/2-5/2+5/4+n- J) r (v/2 + V2 + |+m -A) ~ 


r (v/2- f/2 + 5/4 + m - i) w + (s)> 


and (s) satisfies (L5). 


Tinas it follows from the definition that g (;*;) !s R 


■-(. (A?) . 


Particular Cases : — 


Case (i) : If = i, Z+n = j )+5 = J, then we have well-known theorem due 

to E>r. Brij Mohan, which is : 


If f {x) is and k (x) is then the function 

CO CO , , 

g (*) = J P w) ‘b' f ^ {t)f iyz) dz. 


is R^ , provided that 




i4tc 


_ 2^^^ f W2 + ^/2+i) r(v/2-i/2+i) r (\/ 2 +f /2 + 3;) 

. <!> is) x-s ds, 

where ^ {s) satisfies (1.5). 

Case (ii) : If we take P - m s=z n and h = /, we get another theorem : 

If/ (*) =r k (X) is R,, 

and g (x) = J" V (xji) dj ^ k (u) f [xu) dv. 
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JsR 


X (M) 


provided that 


'(*) = -L-f 

^ 2 iTiJ 




,sl 2 


(A/2 + 5/2 + i4"gi:^)^ 

-r^\l2+sl2Titq-p) 


4 >is)x' 




c — i^ 

i.e. P (a;) is R * 

A 

Also, it may be shown easily, that if h and / {x) are both 

CD 

J k{u)f{uy)du = J k (uf) f (u) dll, 

O O 


^v(k.m) 


Hence, we arrive at the following corollary i 

If & (X) and /(x) are both and P (x) is 

R, / S3 then the function 

^ {pM 

CO 

g (*) = J p {Xf) dy j k (u)f{uy) du 

O O 

CO CO 

= Jf P(xy) dy j k (ay)f(u) du. 

O ' O 

“ ip.g) • 

Example L To illustrate the theorem, let us fake 

which is a function 


which is a function. 

CO CO 

Then n (*) = j* P (xy) dy ^ k {u)f{xu) du 
b ® 

\(P. 7 ), 

CO _ 

k (^)f i^y) 

o 


, then 
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_ ? 2.-i ^.+»+2«+2.- 1 Wi „ (1^) w ( '^) *. 

^ l<fi 

o 

On putting = 2t/, xdx tr: tfa we get 

Wi,« « Wj,, fe«) «». 

Now by a well-known integral [ 1, p. 411 ] 

05 

J/-1 [ -4 * (<x+^) ] (M («;.) 


= of, 

^ 33 


we get 

CO 


(4 


4+^‘)i— V, 1— x+p 

4+v+P, 4— v+p, k f . 


R (a+/S)>o; R (P)+R (v) < R(P)+1. 


J ft (*)/(:^) rf* = 2'*/2+^/2+«+n-l 


.22 

'33 


■V— 2m— 4 

4+m, 4— n, 1— /-l-P'/2+v/2>:|-m+” 
4"4“^/2“|'^/2"^m*4"BiB, ft 


and let p {x) = x ^ which is a R, , . function. 

^ \p>i> 


Then J" P (*j) dy J k (*) / (xjp) </* 

O O 

^ 2N^+vl2+m+n—l J ^^^^-4^-v-2m-4 


.22 

'33 




i+rriy i—n, 1 -— Z+/^/24-v/2-l-m+n 

i+^/2-|-v/2+^+«±«} 


) 




On writing ji2 „ u, 2yiy = du, and evaluating the integral by a well known 
integral ( 1, p. 418 ) 


CO 

/*' 


P-1 ^mn 
/? 


m n 

II r(6j+P) II r(i-<7i-p) 

, =1/' \ J=1 j=l 

fl * / =-„ J 

q b 


Pj,... .^,bq 


_ii r(i-ij-p) II r(flj+p) 
j=m-\-\ j=nJ^\ 
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where /)+? < 2(m+fl) 1 arg a 1 < (m+n— >/2— g/2) ir, 

- mia Rbi < R (P) <1- Max. Raj, 


we get 


j ?(xp)dy j k{x)f{xy)dx 


n/*/2+v/2+OT+ -1 r* {4>rl-v/2) r(4ti-P'/2) r{h+vi2‘ {m+t.) r(4+p/2+2n ) 

= Z ‘ — ^rrr-: — i tv n / \ t T. fa » „ T\ 


r (l+m+W^ — (1+F'/2+7Z“-I) 


This is a R. , . v function 
\ {p>q) 


Hence, ^ (x) = / P (*2^) dy j k (x)f(xy) dx is 

O O 

3. Roop Narain has given the theorem : 

If f(x) is and P (x) satisfies the relation 

xB(x) ^ ?(llx) 

CO 

then g (x) = 1/* J/(j) P (>■/*) dy 


is also ■ 

when P (*) = (*). 

F (*) = F (1/*) 
and then the theorem is : 

If /(X) is R^ 


then the function 


g ix) = ? 

*/ V cu 


Hpre we are eivina a new formula for self-reciprocal functions. The interest 
lie. Sy In to S and no. in a rigoron. proof thereof. Hence only die 
formal procedure is given here. 

Let F («) = J" G (s) ds 
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where G (r) = G(l -4 


then F (l/“) ~ J ^ G (r) ds 

O 

Now, writing 1 — ^ in place of s, we get 
F(l/o.) = G(l-i)*, 

O 

= J-i G (^) ds, 

C 

= fh. 

So that F (a) satisfies the relation F (<o) = F (l/w). 

« FH 

Thus gQt) - j 


O 

CO 


= f-/^^do> f J ^G(s)ds, 

K y o* J 

o o 

1 9 

= ^ G ( 5 ) J <*>^ ^ / (ajw) rfcd 

o o 

provided the change in the order of integration is justified. 

CO 

Hence, g(*) = J x~^ G {s) ds J y^~^f(y)dy. 

O O 

Now, by Mellin’s Inversion formula [ 2 ], we have 

f /■fvWv - (’'/ 2 +^/ 2 +i+>M±CT) ,,, 

j ^ / W J- r (v/ 2 +r/ 2 +H-;«-A) “ 




Therefore 


g(x) = G(x)ds. (vl2+sl2+i+m±m) 

■J r (v/2+^/2+i+m-fc) 

where (-y) satisfies ( 1 . 5 ). 



Hence, 


^1 r* {vf2+sl2+i-^m±Tn) 

^ J r (v/ 2 +j/ 2 +i+m-l^ ^ (3-5) 

is where ^ (^) satisfies (1.5). 

This formula is similar to (L4) except for a constant multiple and the limits 
of integration. 

4. Let us test whether the function given by integral (3.5) is selLrcciprocal 
or not. For simplicity wc take the case of generalised Hankcl Transform, when 
A + m = I, 

si*) = j 2^^'^ r (v/24-^/2+1) <k {s) x~^ ds, “ ■ 


The Hankel transform of g (x) is 
00 

= J ^/~xy Sy [xjf) g {j>) dj, 


= /v iy i*J>)dj> r ivJZ+s/2+i) <j> (s) ds, 

® o 

1 ^ 

= J r (v/2+^/2+i) <#. (i) ds I V *J Jy 0^) y~^ dy, 

<= o 

provided that the inversion of the order of integration is justified. 

Evaluating the integral by a well-known formula (Watson) we get the Hankel 
transform of g {x) 

= p ^^^^i2-sI 2) <!> {s) ^ ds. 


On writing s for l—s^ we get 

g ix) = r (v/2+j/2+i) 4- « ds, 

o 

= ii*) 

which shows that g (x) is • 
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5. is - the fuaction g (*) given by (3.5) is also - ^ 


But if/(*) is — Rj, and 4> (s) satisfies the equation — (s) = <j> (I— 

instead of (1.5), then again g (x) is R^ 

The author wishes to express his respectful thanks to Prof. Brij Mohan, for 
his constant help, guidance and suggesting the problem, during the preparation of 
this note. 
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ABSTRACT 

A general isatioQ of the classical Laplace transform, has been very recently, given by Mainra (4) 
in the form 


CO 

<t>{s) = s ^ ^ W ^ (St) fit) dt. 

O 

In this paper, we have obtained a theorem, which is the generalisation of the well-known 
Trieomi’s Theorem (6) based on the transform given by Mainra (4), various particular cases of the 
main Theorem have been given. The enunciation of the theorem runs as follows: 


Theorem 1 : If (5) = W [/ (^); + m ] 

CO 

then s^~^ ^ iHs) = ^ [ / J" F (yt)fiy) dy; k^ + i, j 


where F (*) 



O 

CO 

r i-2m) jm - h) r F (m-hv-x-k + f-x^-k^ + l) 

— (I"!" 27/1)^ F^ (nt -{-v — — 


^-X+m +r m+v-x+T-ki-x^ + \ ) 

rl ^ * I ni+v-x + r-Xj-l-l±7n, j’ 

provided that R (v+ 1 — \ — >o, R r) >o and 2m is not an int^er 
and the integrals involved are absolutely and uniformly convergent. 

1. A generalisation of the classical Laplace transform 

03 

^ W = S J e~'^f(t) dt, R is) > o, (1.1) 

O 

has been recently given by Mainra^ V. P. [4], in the form 

CO 

^ (^) = S J . - i (St) ‘ ^ ^ ist) / (0 dt. R is) > o, (1.2) 

O 

The relation ( 1 .2) reduces to the Meijer-transform [5] 

CO 

<|) (i) = S j e ~ ^ (f ) ~ '^k+l, m R (^) >°' 0 -^} 
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by putting \ =k, and (l,^) reduces to the generalisation due to Verma [7] if X = - m. 
Further i{\—k—±m, the relation (1,2) reduces to original Laplace transform (1.1). 

We may denote relation (1.2) symbolically as 

4> X, m] 

while (l.l) is usually denoted by 


^ is) (O’ 


As in the case of Laplace transform, we call <j> (0 the image of / (t) and / (t) the 
original of <#> (s). 


In this paper, we have obtained a theorem, which is the generalisation 
of ^he welLknown Tricomi^s Theorem [6], based on the transform given 
by Varma f7].^ Various particular cases of this theorem have been obtained. This 
generalised Tricomi^s Theorem enables us to obtain an interesting theorem, which 
15 a generalisation of a result of Hankel transform. We are giving the images of 
some functions, which are useful in the following evaluations. 


2. By making use of known integrals involving Whittaker function W^ ^ (a?), 
we have obtained here the images of certain functions. 

(a) Using the integral [2] 

y . Km ^ rQ-ki-i) ® J ^ l-k+1 J 

provided that R (/+ Jim) >o, R(a^4‘l) >o, Mainra [4] has obtained ■ that 

*■ J rcv-fc-x-i-]) s ’ (2.1) 

provided that R (v+l-x±m >o, and R Q) >o. 

3. Here we have obtained the originals of some functions which could be 

mt.rpr«i„g term by term as 


(a) If <j> (s) 





then interpreting the right hand side term by (2.1), 
we get 


( 1 . 2 ) 



r ,'v— X 4-1) 
(»’ — A + J ±m) 


(atf 


-Fa 


V i — \ -|- 1 
V— A +- lim 


+J. J 


= (a^) 


V 


e 


ajs 
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(3.1) 



provided that k (v — A-+l±?») >0 and R(^) >5. 

(b) If in (1.2) <{> is) = 5-P ^ ipls), 

then since 


^ ^ M WIs) 

-/3- 

jS'* ^ ^ I (4+/^-v)r { \J, /Jz « \ ^+'’+4+'" 


We get* on interpreting term by term with the help of (3.1) 




C| T (tx+p+3l2-k^X+r) 

fz=o(l+2M)r (/^4-P+3/2 — \±?^+0 



p-|“P-j^3/2“— A,i^ , oL-—^ 
P+P+3/2— X+r±?n ' 2 


; Xj ^ 


1 


provided that R (;«'+P+3/2— \±m) >o. R C^) > o and 2m is not a 
integer. 


i3.2) 

negative 


(c) If in (1.2) <#>(5) 
then since (1, p. 430) 

s-P ^ iPIs) = 


a/2i 

* /* 


r (-2/^) 

r (i-f^-v) 


m 

s-P 


r (2f‘) j ^ ^flr/2r 
r (4+/*-v) 

W^). 


We get on interpreting the right hand side by (3.2), 



r i -2l^) CjS i)''+^ 

r (4— v) 


p CO (i.Lp_v);. r ((^-|~P~i~ 3/2- X— fc+f) 

^ r=o(^+2f0r r* (li+P+3/2— x+r±m) 


fl 


The uniform convergence of the series follows from the inequality i- 

.r. [ 


J < -(^ Lm’"J 


(A) 
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A { 


/‘4-3/24-p-x-i-f^ 


; a—^j2t \ + (a similar expression with ~fi m place 


P+P+3/2+; ±m 

o!+l‘>.t+i,x,„ ], 

(3.3) 

provided that R (^i+p+3/2-X±m) > o, R (r) > o and 2/r is not an integer. 

In case a = ^8, (3.3) reduces to 

Wf y (^+P+3/2-x— I:) „ f 1/2+P-v, ii +p^%l2-\—k ] 

L r(4-p-v) rx (M+p+3/2-X±m) ® * I 1+2/s 7H^+3/2^±m ’ [ 

+ (a similar expression with — P in place of +p.); it+|, x, m\ 

provided that R (,r+p-i-3/2-x±nz) > o, R (^) > o and 2/* is not an integer. 

Theorem 1 , 

If^« = W [/(/); ], 


then (lA) = W [ J F (ty)f(y) dy, + x, ] ; 


(4.1) 


OD 

where F(x)=[ 5 {m-k)^ T (m-\-v-x-k+r-k,- k, + \) ;c-X+w+t 

(— m— k)^_q (l+2m)r Px ^m+v— x+f— X j+I+OTi) rl 

iFa { 


m+v-X.+r-fcj-x^+l 
«+^\+r-Ai+l±mi ’ 


+ % (-OT-fe) , 

r (m— fc) 0— 2m], 




f (v— m— x+y-A , -Xi+ 1) 

Tx (’'-«-x+y-xi+T±^ 


p / ’'-"'-X+r-fci-X.+l 
rl r M v-m-x+r-Ai+l±m 

Proof: — We have 


CD 

4>(s) = s f g-i^JP w r^,A ft s j 
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kepiacing 5 by I /5 and multiplying by s 


, we get 


’ + m = J (M /y.) 

O 

Now, INTERPRETING the integral by (3.3), with v=±k+^ iJi,=zm 

P=v— X - i, we get 


5 


l-«v 


^ (I/ 5 ) = W 



r(-2m) g 

r(— H (l+ 2 m). 


and 


ffi+v— X +r— Xj + 1— 

Tti + V — x+ r — Xi + 1 ±»2i ’ 


f (m + v— X+Y— Xi— A:^+0 
r* {m i- v—x + y— Xi4- 1 ±?Bj) 

r ^ Q ( I— 2m;r rl 


r (v-ffl— x + r— A:,— Xi+1) p j V— ?n— x+y— Ai— Xi+l . ] \ -i 

rji(v— m— x+y— Xi+l±/ni) ^ M v— m— X+y— X i+1±ot/ | ^ 5 *+iA,»nJ, 

provided that R. (v-j-l— X^XjdiMd^jMj) > o, R (r) > o, 2 ot is not an integer and 
the integrals involved are absolutely and uniformly convergent. 

It is well-known that if the series and the integrals are absolutely and uni- 
formly convergent, then the term^by term interpretation is justified. As regards 
the absolute and uniform convergence of the series, it can easily be seen with the 
help of the inequality A of (3) and the absolute and uniform convergence of the 
integrals has been assumed. Further we may note that F (ly) is a continuous 
funciion of t and y for t > o, y > o and its behaviour is similar to that of 
k \ which will be discussed later on. 


5. Particular cases: — 

(i) Let m^-m and Xi— X, then we have: 


If <#>( 5 ) - Wl/(0; k+h ^.rn] 


CD 

thenj^~’' ^( 1 /i) =w [ j t'' (}y)fiy) 4r, ] 


(5.1) 


where ,,, (^)= S 

X, r (r-m~k) r=o 


(r^k)^ r (m+v— 2X+y— ^+1) 
(l+2m)r x-^Cm+v— 2x-i-y+l±mj) 


X 


F j «+v-2x+y-A+l _ 
r! ^ I m+v— 2x+y+l±m ’ 


T Im—k) ^ ^ o (1 - 2ffj)r 


X 


r (v— ffl— 2X+ y + 1 - &) X X-ffl + r 
Fa: Cv-m- 2x+y+ 1 ±m) 


j v-m -2x-i-y+l - ^ 

I v-jn-2x+y+l±m’ 


(5.2) 
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provided that R (v -2X+ l±:2w) > o, R (j) > o, 2m is not an integer and tke 
integrals involved are absolutely and uniformly convergent. 

6 z. I 1 X _ (^) can be expressed in another way, as 

V, ‘•rajAjm 


A (,) = r r(2m) r(v-m-2X-^^ l) 

i + w L r (m _ fc) r* (v - m - 2x+l±m) 


-\-m 

X 


X 


a^s 


1+A— V— m— 2 a— ^:+ l 

V— m- 2 x+ l±m 


l+A-i 
. l-2?n. 




+ (a similar expression with -m in 


place of + m) ^ : 

(ii) On putting = in (4.1), we have : 

If 4>(s) =y\l [/(O; k,\,m] 

—v— \4 OT+y 

r r(-27n) “ (m-k), tty) 2 

I r (-m-k) rl 


00 

then <p (1/^j ^ J 

o 


^ -V — X — m+r 

J I , (2~v/<j)+ -^ 2 {~ m~ky{tj) 2 T 

Jv— \+m4r ^^^^L\m-k) ,2 ^ (l-2m). t\ 


v_x-«+/ 2 V^.)')] 

/ (>) dr. 


provided that R (v + 1 — X±?7z) >o, R (5^) >0, 2m is not an integer and the integrals 
involved are absolutely and uniformly convergent. 

(iii) Let X=^==±m, and Xj, be replaced by X, fc? th respectively, then, the 

first series in F {x) vanishes and second series also vanishes except the first term, 
and we get 


If <#>10 ^J{t) 


then 


(1/r) = W [ 


r(v - k-\+ 1 ) 

fx (v+ 1— \±ni) 



v-fc-X+ 1 

v+l-\±m 


l—iy 


f (>) dy; 


k+i,\,m j 


provided that R (v + 1 — X±»i) >o, R (s) >o, and the integrals involved are abso- 
lutely and uniformly convergent. 

(iv) Let x=A:=±tn) and Xi = la=iwi» is theorem 1, then we get a well-known 
fricomi’s Theorem. 


= fit), 

CO 

thenj = jf ityff'^ (2 f iy) dy, 

, u 

provided that R (v + 1) >o, R (^) >o, and the integrals involved are absolutely 
and uniformly cnnvergent. 
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6* A new transform: 

Consider the integral equation 

-g it) = v'S" J (0-/2/ ^ i f. / O) rfj,, 

i, X, m « “ Si™" (5.2), »« shall call thi. equation 'The gancrali.cd 
Hankel transform’ and g (■) the ^ ^ -transform of / (,). On putting 

ffi7l^';«he?wi““*™ If wc have the equation 

CD 

f(i)- t/rj («j’/ 2 )''+» (i»y/ 4 ) «(,)<,. 

O 

functions/ (0 and g (r) will be called a pair of ^ -transforms of each other. 

Further, if y (/)=g (i), then / (t) will be called self-reciprocal in d . 

x,m 

-transform. 

Ttkeorem 2. 


If q.{s) = \N [f (i); k + i, ^ m ] , (7 j) 

and ns)=s^-% (1/s) = W[g(0;kH,X,m]. (7.2) 

then 0 f (i 12) and t‘“ g (t'^/i) are ^ ^ ^-transforms of each other, pro- 

2\i2ni) > 0 , R (r) > o, (27n) is not an integer and the inte- 
grals involved converge absolutely and uniformly. 

Fr<:_Using (o.lj in the relation (6.1), we get 


1 V ^ 

f ^ (l/s) = \\ ^ J t'’ ^ ^ ity)f(j) dy, k-\-l X, m ], 

Therefore, by virtue of (7.2), we have 

CD 

a ^ 

Further using ^5.1) in the relation (7.2), we obtain 

f (iA).w [ I (,,) g „ j 

But i. ( 1 /,) = .^ (,) [/(fi ; fc-i-i, X m ], 

giving f(,).J A 
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Replacing i by ^[2 aadji byj)^/2 in equation (7.3) and (7.4) and multiplying each 
1 — 

equation, by i ^ , we arrive at the result. 

8. Corollary— ^ {x') = J^, 

and theorem 2 reduces to a known result (3, p. 117), 

If 4>{s)=^f{t) 

and i 4> (\.js) = g (t) 

then / “ J (t*/2) and ^ g (t®/2) form a pair of Hankel transforms of order v, 
provided that R (v 4-I) >0, and the integrals involved converge absolutely and 
uniformly. 

9. The behaviour of ^ 

It is* easy to see that 

♦v; t+4, X. », W “ ° ) for ‘■oxU » ; 

where/*i = i(v-7n— x + 4), l+k-hX orv-k-x + 1 for large 
This follows from the behaviour of 2F3. 

the end the author wishes to express his respectful thanks to Dr. Brij 
^tohan, for his kind help, suggestions and guidance during the preparation of 
this paper. 
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r.5,. 

- REFERENCES 

1 . A. Eidelyi, Tables of Integral Tiansforms, Vol. 2 (1954). 

2. S.Gokktein, Proc. Land. Math. Soc., 34, 103 (1932). 

3. H. G. Gupta, Jottr. Ind. Math, Soc.., 7, 117 (1943). 

4. V. P. Matea, Ball. Cal. Math. Soc., 53, 23 (1961). 

5. G. S. Meijer, Proc. Nederal. Mad. WaUnsch, 44, 727 (1941). 

6. F- Tricomi. BW ilci. rfe- £tnMi, 22, 564(1935). 

7- R. S, Varma, Proc. ffat. Acad. Set., India, 20A, 209 (1951). 


( 430 ] 



RELATION BETWEEN THE HANKEL TRANSFORM AND THE 
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ABSTRACr 

In this paper, we have found relation between Hankel transform and the generalised Laplace 
transforms introduced by Mainra (4)- Various particular cases of the main result have been obtained 
and the result is illustrated by means of examples. 

The Laplace transform of a function/ (/) belonging to L (o, co ) is 


CO 

O 

while its Hankel transform of order v is defined by the equation 


(LlJ 


CO 


H, [/;!] =J tf(t) >^;] 


( 1 . 2 ) 


Tricomi [9] discovered a relation between Hankel and the Laplace transforms. 
Recently Bhonsle [1] has established a relation between the Laplace transform of 

i^/(0and the Hankel transform off (f). Verma [12] has obtained relations 
between Hankel transform and the generalised Laplace transforms, one given by 
Meijer (1940j and the other given by Varma (1951), The present author [8] has 
also established relations between Hankel transform and the generalised Laplace 
transforms, one being Whittakar transform (1947) and the other the one due to 
Meijer (1941), 


1 he object of this note is to find a relation between the Hankel transform 
and the generalised Laplace transform given by Mainra [4J. 

Recently, Mainra has developed a theory of the generalised Laplace transform 
by introducing a new transform, which is more general in nature .and form. 


He has defined the transform thus : 



* ^ ^ f (t) at, [R. (p) > o\ 


E 1 


(1.3) 



provided of course^ the integral on the right exists, we express thi^ relation in the 
form : 




m W W' "V (<)<#, [R(f) > 


When X— X ^ — ;72, and X=r^~ J 

(1.3) reduces to the Meijer Transform, generalised Laplace transform and the 
original Laplace transform (1.1) respectively. 

2. Theorem 1. If / (/) and [/; |] belong to L (a, co) 

and if R (p) > o, 1 I > I I I and xdz?w) > o, then 


^k^\, m I ^ (P> ^ 5 I] di, 


where ^ (?, I) = 


r>c {iJ.+v+ l- \±m) 

2’'- r (*'+l) r-iti+v+l-x-k) 




/^+v-h2— x±??2 

I v+L — X — k — X — k ' 

L 2 2 


Proof- : . Since / belongs to L (o, oo), we have, by Hankers Inversion 
theorem [7], , 


/(t) =J C/:I U„ (10 


Now, multiplying both sides by 


VL 1 

t i - - 




and integrating between (o, co), after inverting the order of integration, which is 
permissible due to the absolute convergence of integrals involved under conditions 
Stated in the theorem, we get 

. . 00 
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(2.4) 



an evaluated by expanding J, (j- and usii^v 

an integral due to Goldstein [3], v,z. '" 


00 




I ('±j«+4) p rl±M+| - , 

rci-fc+ir^^^ L,-,+i ’-“^1 


where (l^^m-^^) > o, R (a® — ]) > o and j “ J < j , we get 
^k^i, m Jv ( 50 . p]= 

2” r(v+i)r(/H-v+i-; 


-.-^/i_v— 1 

— X 


\-k) 

r Ml^X. + i ±m, /«+v— X+2±m • 

I 2 ^ ^ 

M-j-v-^l_X— fc ft+v-f2— X— A: ’ 

2 ’ 9 


L v-|-i> 


where R(/t-|.v—x+l±w) > o, R (p) > p, |p i > | || , 

Thus (2.4) reduces to 


CO 

^k+i, m Ia'* / ; p] = J ^ (p, I) I/i-i] 


where 


^ (p. 5 ) = - 5 ^'^^-‘^*(^+^-^+-l±«) 

■ ^ (I'+i) r (t^+v+i-x-i) 




. ^4-”— X+A±»i z^+v— \+2±m 

2 ’ ._^ 
u_|_i — X— .A:_ P‘'4 -v4"2 — X — k 

“ » 9 ’ 9 ■ ' 


iili] 
p2 J ■ 


Hence the theorem. 

Partiadar eases. ’ ■ ' 

Case (iij when x= >n, we get a well-known result due to a Verma, viz. 
If /(0 and [/, «] belong to L (o, os) and if 

R R R ^ ^ 

i '■ CC ' ' ' 

^k+i,m t''" ’P ( P> 5) [/. 4] dt 
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wheri 








r (v+ 1) r (m+v-i-14-;w— 

M+i'+m 4 ' 2 i ?72 


4F3 


- * r - 

. »'+J, 


2 ' -2 

/*-|-v-j-l-l-CT — k l^~\-v-\-2‘^m—k 

2 ’ 2 

case (it) when \=k, we get a rcsuh due to singh [ 8 ] viz. 


f]' 


(0 and [ / ; |] belong to L ( o, co ) and if 
R > 0 , R R (I) > 0 , then 

CO 


where 


e 


= -J r;g (/^+^“-^+l=lz?? 2 ) 1 

2^ r(.+i) r(M+v~2i+i)^ 

j /i+v— ^-|-2±wz 
2 2 “ 
xv+l~2fc /i+v + 2--2A: 


4^3 


2 

. v+i,ii+H 


fl' 


2 2 

Case (»«). When \=fc= j-m, we get a well-known result due to Bhonsle, viz. 


CO 


where 


* (A IJ= r ( M+v+i) I (/a+^»)- i (z^+l) ^ ’' [ -. j I 

R (/*) > — 1 , R (^i-j_v) > _i . R ^ 


For illortratiog ,h. Arorem, a, ^ 


I. Lei/ (1) - I'-l , ^', I ^ I > 
then Hy [/ ; |] = f (/»|.y_^]^ (ygs_|_|2^ i (^+ 0 
where R (/+v+J) > 0 , 


'' \ \/ jga+|a /’ 

[ 2 . p. 29 ]. 
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atwi 


V, , , [• /ft /• /I 1 ^ (p-+l—\±m) ^ 

k+h m <■ J f 0+p) ft + 2+^^=r 




“X , m— k p \ 

\ > ’ 

(This is due to Mainra). 


R (/>+2.i8) > i). 

Hence, by the theorem, 

m I 1 = J '?'(/’> [/; I ] d|, 


CO 


we have 

CO 


J f+‘ (S»+S-) * <'+’> P-- ( ) 

ft+y+1 — x±m /i4.v4-2— x±m 


/6 


4^3 


Lv+1. ft+v- V-AH-l /*+v+2-ifc- 
2 ’ 2 


.=^-] 




and 


= 2" pft+''+l r(w+l) rc/^+v+i-x-fe) r;c 

r (ft-j-z—A—x) r* (ft+v+i—x+w) r(/+v+i) ()S4.p)ft+^— x+m 

r /4+2+m— X, m — i jS n 

"^U/*4/-A-X ’~/S+j6 J* 

Example 2. Let us take f (t) = . 

Then (y ; ^ 1 = ^ ^ ^ V 2 a | 

R(o)>o. [2,^30]. 

[ ‘'‘/“’I -Vi,™ [ 

Hence =2a^ Ajm ( ^ 


CO 


/ 1’'+^ J, ( V2<.|) &^( V2a|) 

O 

X4v4-li;m x4-''-t-2±»i 


4^3 


■ nt 

v4-i x + v+l-fc X+V4-2— a’ 

2 ■ 2 




[ 4S5 1 



_ 2^ +^ a. ( 2 k ) 2 r (v+1) r (v+l ) pk+^^v+\, 

fx (X+^~+V~A+l±?W 

Thus the theorem is verified. 

The author wishes to express his repectful thanks to Dr. Brij Mohan, Professor 
and Head of the Department of Mathematics, Banaras Hindu University, for his 
kind help, suggestions and guidance in the preparation of this note. 
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STUDIES ON THE YIELD OF RICE AS AFFECTED BY SOIL DROUGHT 
AND POTASSIUM APPLICATION— I , 


By „ ’ 

SANT SINGH and KRISHNA KANT SINGH *: 

College of Agriculture, Banaras Hindu University^ Baromsi 
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ABSTRACT \ .. 

Data pertaining to yield as affected by different treatments have been presented and discussed. 
The main findings of the experiment are given belo w : ' 

(1) Stoppage of irrigation a few days before the harvesting of an early maturing variety, 

initiates higher production of grain and also of straw. 

(2) Application of potassium in split doses has been found to increase the yield of grain as well 
as ot straw of drought affected plants. 

(3) / oil 2 (drought and application of potassium in two instalments) and (drought and 
application of potassium in three instalments) have beai found the best treatment combina- 
tions for the prcduction of grain and straw respectively. 

INTRODUCTION 

Adequate supply of irrigation, particularly at critical stages of growth and 
development, is most essential for successful cultivation of the rice crop. Irrigation 
facilities are being increased at a fast rate, but they are still too inadequate to meet 
the general requirement and the bulk of rice crop in India largely depends upon 
the vagaries of rainfall. Drought conditions are always prevalent in one or the 
other, part of the country as a result of which rice yield fluctuates from place to 
place and year to year. No serious attempt appears to have been made in this 
country to study the relationship between drought conditions and the growth and 
yield of the rice crop. 

Potassium has been found to cause hardiness in cereals though this view is 
still a matter of controversy. Smith and Butler (1921) found negligible effect on 
the corbohydrate formation in blue stem wheat when raised in a solution deficient 
in potassium. On the other hand, Eckstein (1939) was of the view that shortage of 
potassium in the leaf leads to low rates of corbon dioxide assimilation. Sircar 
and Datta (1957) observed harmful effects on plants growing under potassium 
defi.ciency. Hartwell (1927) found that different species responded differently 
when supplied with the same amount of potassium under similar conditions of 
growth. Gregory (1937j has discussed the variable role of potassium in the plant. 
He concluded that the response due to potassium will depend upon the relative 
concentration of other elements, particularly sodium and calcium in the plant 
tissues. Literature so far available on the role of potassium in the plants reveals 
that it induces hardiness in tissues and thereby the plants can resist advert -environ-^ 
mental conditions to a greater extent. ‘ - 

The present investigation was undertaken to get further informations regarding 
the role of potassium and created drought conditions on growth and yield of ric^ 
crop. . 4- 
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; EXPERIMENTAL METHOD 


In order to get reliable informations, the entire experiment was carried out 
in medium sized cement pots under controlled conditions. Soil, for filling of the 
pots, was taken form a field where no manurial trial had been conducted for the 
last 5 years. It was sieved after breaking all clods and removing grasses, etc. and 
was thoroughly mixed with the help of a spade. 20 kg. of this prepared soil was 
filled in each pot^ and soaked well with a known amount of water. 

Seedlings of a short duration variety were raised under natural condi- 
tions of the farm, and three seedlings of uniform size were transplanted in each pot 
on 3rd Jnly 1961. The plants were grown under drought and normally irrigated 
conditions and were arranged in a randomised block design, having 3 replications 
and 8 combination treatments of irrigation and potassium application as main 
factors, the composition of which is given below : 


(1) Normal irrigation was provided throughout the life 

cycle of the plant, but no potassium was applied. 

(2) I\Ki Irrigation was provided normally, and the potassium 

was applied at the rate of 40 lb./ acre in a single dose 
just after one week of transplantation. 

(3) •*••*•••• Provision was made for normal irrigation, but the 

amount of potassium was divided in two parts, the first 
one was applied one week after transplanting and the 
other one month later, 

(4) ijAj Normal irrigation was continued as previously, and the 

whole amount of potassium was split in three equal 
doses and each one was applied at an interval of one 
month starting from one week after transplanting. 

{5} JqKq Irrigation stopped at the grain maturation stage i, e,, 60 

days after transplanting and no potassiiom was applied. 

(6) IqKi Irrigation was stopped as in the above treatment and 

potassium was applied at the rate of 40 lb./ acre in a 
single dose one week after the transplanting. 

(7) Irrigation was stopped in a similar way, but the amount 

of potassium was divided in two parts, the first was 
applied a week after transplantation and the other one 
month after the first application. 

(8) JqFC^ Here also the irrigation was stopped as in previous cases, 

but the amount of potassium was applied in three equal 
instalments, each one was applied at an interval of one 
month starting from a week after transplanting. 


J{Gte : Under normal irrigation, each pot was supplied with equal and measu- 
red, but liberal volume of water. While stopping the irrigation in pots under 
drought treatment, the initial level of water was kept two inches above the soil 
surfa^. All the pots, viZ., Iq and 2^ were taken to the glass house in order to 
pc^rcct them from rain and dew of outside and were kept under exactly similar 
cemditions. 
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Each pot received basal dressings of ammonium sulphate and super phosphate 
at the rate of 40 lb. and 60 lb. per acre respectively. 

Regular observations were recorded on the growth habits and deficiency 
symptoms of plants and soil. Day to day meteorological observations were also 
taken for the convenience of discussion. Plants were harvested when they attained 
maturity. It was found that the normally irrigited plants could be harvested 5 
days earlier than the drought affected ones. 

EXPERIMENTAL RESULTS 

Grain and straw yields due to different treatments are shown in table I and their 
statistical analyses are presented in tables 2 and 3. Analysis of variance (table 2) 
apparently indicates that the main factors t. e. irrigation and potassium along with 
their interactions infiuence the rice yields, both of grain and straw, very signi- 
ficantly. 

table 1 


Effect of Different Treatments on the yield of rice crop in Gram per plant 


Treatments 

Replication 

I 

Replication 

II 

Replication 

III 

Mean 




GRAIN 



1. 

IiK„ 

15-0 

15-1 

15-8 

15-3 

2. 

IiKi 

13-0 

14-9 

13-8 

13'9 

3. 

IiKa 

12-3 

14^4 

13-2 

13-3 

4. 

IiK, 

13-5 

15-6 

14-4 

14-5 

5. 


14-6 

16-7 

15-5 

15*6 

6. 

IqKi 

15-7 

17-5 

16-6 

166 

7. 

loKa 

19-8 

21*6 

21-0 

20*8 

8. 

I0K3 

15-6 

17-6 

16-6 

16‘6 




STRAW 



1. 

IiKo 

67-4 

65'4 

66-4 

66*4 

2. 

IiK, 

63*5 

57-7 

63*9 

61*7 

3. 

IiKj 

63-6 

57-9 

64-2 

61*9 

4. 

I1K3 

74-2 

68*5 

74-8 

72-5 

5. 

IoK« 

87-1 

80-4 

88-7 

85*4 

6. 


85-2 

81-5 

86-8 

84*5 

7. 

loK, 

88-0 

82-2 

88-4 

85*2 

8. 

I0K3 

88-0 

80-1 

90-2 

85.1 . ^ 
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1:Able 2 

Analysis of Variance 


Due to 

D.F. 

M.S. for grain 

M.S. for straw 

Replication 

2 

6*04 

91-38 

Irrigation (I) 

1 

59-53** 

2382-04** 

Potassium (K) 

3 

4-09** 

44-87** 

1 X P 

3 

14-18** 

34-13** 

Error 

14 

0-15 

1-84 

Total 

23 




^v^^i^Significant at 1 % level. 


TABLE 3 

Interaction between Potassium and Irrigation 



Ko 


Ka 

K 3 

Mean 



GRAIN 





15-3 

13-9 

13-3 

14-5 

14-3 

Id 

15-6 

16-6 

20-8 

16*6 

)7-4 

Mean 

15-5 

15*3 

17*i 

15-6 




SI RAW 




ii 

66-4 

61-7 

61-9 

72-5 

65-6 

lo 

85-4 

84-5 

86-2 

86-1 

85-6 

Mean 

75-9 

73-1 

74-1 

79-3 


G.D. for Graiu 

— I» 0-342, 

K=0-471, IxK 

= 0-663. 




G.D.for Straw — 1= 1*030, 1*669, IxK=2*354. 

A study of the experimental results shown in table 3 clearly reveals that 
stopping of irrigation a few days before the harvesting of rice plants results into 
higher yields, both of grain and straw ; which means in other words, that even 
though the irrigation is the most important factor of growth and yield of rice, its 
efficiency is much more increased when it is discontinued in the later part of the 
life cycle of the crop. Among different methods of application of potassium, 
in which half of the amount was applied after one week of transplanting and the 
other half one month later, gave maximum yield of grain (significant at \% level 
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8veir other methods ofapplicatioa), but failed to show any marked response in case of' 
straw and it was only (the whole amount applied in three instalments at an 
interval of one month starting just after one week of transplanting) which resulted 
in significantly higher yields of it over other methods of application. 

Experimental results on the relationships of potassium application and 
drought conditions appear to be of greater interest. A created drought C/q) initiated 
the production of highest amount of paddy grain when supplied with potassium in 
two split doses i. e. It can also be seen that grain yields were always higher in 
case of interactions of potassium with created drought than with normally irrigated 
ones. More or less the same trend was also observed in case of the straw yield. 
Here, though the critical difference between different combinations of created 
drought and potassium application {l^yK) was not found significant, but each one of 
them showed its superiority very markedly over the combinations of normal irriga- 
tion and potassium application [IiK), 


DISCUSSION 


Experimental findings have clearly shown that the drought affected plants 
yielded more of grain and straw than normally irrigated ones. This result is of 
interest and is explained on the basis of the regular observations and findings made 
in course of the experimentation. It was observed that drought affected plants 
ripened 5 days later than the normally irrigated ones. It seems that during 
this prolonged period, they continued their growth under the restricted soil moisture 
supply and hence it is quite possible for them to yield more. In addition to this, 
a low soil moisture might have helped in better aeration and thereby extension of 
more root system in the direction of available moisture and nutrients, thus helping 
the plant in overcoming the severe drought injury and in completing its life cycle ; 
though a little bit late, but before the level of soil moisture could reach the point 
of permanent wilting. Further more, in case of normally irrigated plant, presence 
of enough moisture in the soil might have caused better supply of nitrogen, thus 
leading to more tillering and succulence and thereby the energy which should have 
gone in the formation of grain might have been diverted in new growth, though 
here also the dry matter of the whole plant did not increase. This aspect of better 
supply of nitrogen is also proved by the fact that normally irrigated crop matured 
earlier than the drought affected ones which is in close agreement to RusselTs 
statement of 1961. 

Regarding the effect of potassium on the yieM of paddy crop, it is evident 
that normally irrigated plants did not respond to its application as those afifected by 
drought condition. It may be that nitrogen content in the plant increased by 
adequate moisture supply, but the same amount of potassium might have become 
inadequate, thus causing harmful effect on the plant. Russell (19bl) has also stated 
that plant tissues might be killed if potassium supply did not catch up the nitrogen 
supply. On the other hand, it is also possible that abundance of water in the 
soil might have caused accumulation of potassium in the plant tissues ; this might 
have lowered the supply of other micronutrients and thereby the yield was reduced. 
Walsh and Donohoe (1945) also reported similar results. Split doses of potas- 
sium in case of drought affected plants have given best performance, this is quite 
expected because it might have helped the plant in maintaining the normal or 
desirable potassium status practically at all stages of the growth. 
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SUMiVlARY 

Yield of paddy crop mostly depends upon the adequate and timely supply of 
irrigation,^ Drought conditions in one or the other forms are still of frequent 
occurence in many parts of India, as a result of which crop like paddy suffers to a 
great extent. It^ appears from the existing literature that application of potassium 
causes some hardiness in the plant, and therefore, in the present investigation an 
attempt has been made to see the extent to which its application is helpful to the 
drought affected rice crop in maintaing its growth and yield. The main conclu- 
sions drawn from the results are given below : 

(1) Stopping of irrigation a few days before harvesting initiates higher 

yields both of grain and straw. 

(2) In the case of drought affected plants, split doses of potassium appear to 

give better response (both of grain and straw) than its application in a 
single dose. ^ 

fS) As regards the grain yield, a created drought and application of potas- 
sium in two instalments (io^a) has been found to be the best treatment. 
Further, the^ yield of straw was significantly improved when potassium 
was applied in three split doses. 
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SERIES AND ITS CONJUGATE SERIES 
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ABSTRACT 

Prasad and Sin^^ (I952j have obtained a gentral criterion for the strong Cesaro summability of 
the derived Fourier series and its conjugate series. Under slightly relaxed condition of their criterion 
we have stuiied in this paper the harmonic summability of these series, * 

1,1. Let be a givea iafiaite series with the seqtieace of partial sums { }. 

Let { } be a sequeace of coastants, real or complex^ and let us write 

“ -^0 + + /a + — + Pn • 

The sequence-to-sequence transformation 

(l-l-l) <« = S APn +0). 

V = 0 Pn 

dsfiaes the sequeace [ } of NSrlaad means of the sequence { }, generated by 

the sequence of coeSacients { p„ }. The series S is said to be sumtnablc ( N, ;>„ ) 

to the sum s if Urn exists and equals s. In the special case in which 
n-»o5 

( 1 . 1 . 2 ) p, =-± , 

and, therefore, 

(1.1.3) ^ log fi, as od, 


tn reduces to the familiar ‘harmonic mean’ of { }, which is dehned indepen- 

dently as follows : 


A sequence { j. is said to be summable by harmonic means, if 


(1.1.4) 


Urn 

CO 


1 

logn 


n 

2 

k=o 


^n-k 

k+i ' 


exists and is fiaite. This method of summability which belongs to the class of 
generalized regular No 'luod [4] methods, was introduced for the first time by M. 
Riesz [6], who proved that every series summable by harmonic means, is summable 
(G, 8), S > 0. 
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1.2. Let/(r) be a continuous function of bounded variation, periodic with 
period 27r and integrable in the sense of Lebesgue over (-tt, tt) and have a 
derivative/*^ (x) at Let the Fourier series corresponding to / (^) be 

(1.2.L) i -f S cos nt + sin «/). 

« — 1 

The scries 

CO 

(^•2.2) 5 n{b^ cos ni ^ sin nt), 

which is obtained by differeatiatiag (1.2.1) term by term , is called the first derived 
senes or the derived Fourier series of/ (1 ) . 


The series congugate to (1.2.2) is 


(1.2.3) 


S "( cosnt-l-in sin nl). 
n = l 


We write 


e (t) = g(t, X) =/(*+0 -f{x-t)- 2 tf> {x% 

h (0 = h{l,x) =/(* + :) +f{x-i) — 2f{x), 

JV„ U) = i ■? 1 sin (n—k+\)t 

2wlogn &+1 sin J < 


(tl = _J ” _J_ cos(n— £4-i)/ 

2irlogn f.2g A+I sin it ’ 


GW= j M5(«)1, 

0 

X (0 =* J \dh{u)\. 


— 1 

H (x) ac ^ - j A (^) cosec^ ^ i dt 
0 

€ ^ 

We denote the integral 

j (0 eosec® it dt by {x . 


[ 444 ] 



so that as n-^oo , (x) H (a;), viZ.^ 

(1.2.4) lim H^{x)^H{x), 

If the function / {x) is of bounded variation, then H {x) exists for almost all 
value of X [Zygmund, 9, p. 146]. 

2.1, Prasad and Singh [5] have discussed the strong Gesiro summability of 
the derived series of the Fourier series and its conjugate series under the 
conditions 

(2.1.1) M g («) I = » { i/(log I/o' + * } . (^ > 0). 

0 

and 

(2.1.2) \dh{u)\ = o \ «/(log l/o' + *) , (s > 0). 

0 

respectively. The object of this paper is to study the harmonic summability of the 
corresponding series under the same condition except that e is taxen to be zero in 
our case, 

2.2. In what follows we shall prove the following theorems : 

Theorem 1. The derived series of the Fourier series of the func&on f (at) is summabU 
by harmonic means to the sumf’ [x) at a point x at which 

(2.2.1) G{i) = 0 (i/log 1/0. 

where f {x) denotes the first generalized differential coefficient off (t) at t—x. 

Theorem 2, The conjugate derived series of ike Fourier series of the function f {x) 
h summable by harmonic means to the sum 

TT 

(2.2.2) ~ j h (0 cosec* h t dl, 

0 

at every point x at w^ch this integral exists and 

(2.2.3) X (0 as 

It is evident that under the condition (2.2,3), 

(2.2.4) X (0 ( 0 . ^ “>0. 

2,3. In order to prove the theorems, we shall require the following Lemmas : 

Lemma 1 [1] 7/0 < / < rr, ih^n 

n 

(2.3.1) 1 S cos{k + i)tl{kjrl) j < ^4 (1 + log 1/0, 

k ==o 

where A is an absolute c•mUant^ 
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Leintn^ n. [8, p, 4iDJ valuu of n and t, 


(2.3.2) 


S sm {k+\)tl{k+\) I < iTT-Hi. 
k^o 


3.1. Proof of the theorem 1, 

Denotiag by (x) the sum of the first n terms of the series (1.2.2) at the 
point we get 

, (,) - 1 f + («- »■) ) f („) * 

27r J \ dx sini(A:-a) J ' 


J ^\du sm ^ {x~u) j 


(3.1.1) _ (/(.+0- /(*-!)) 


Now integrating by parts the right-hand side of (3.1.1), wc obtain 


1 r sin {n + i)t 
2^ J sin ^ ^ 




-2-/ 


HttQce 


-5 


thcTcf ;re 




sin (« -- k-{-^}t 
sin ^ ^ 


Making uss of the form ala (1.1.4), we obtain 

i, 

_ 1 V J J. sin (n — k+i)t , ( s. 

logrt k+l‘ 2 tt J sin 4 t 
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_ " ±_ sin (n-k+i)t 

'' ^ ^ * 27r logo A;+ 1 sin i t 


0 


= f dg(t).^r„ ( 0 - 
0 

In order to prove the theorem we have to show that 
(3.1.2) f = 


0 

as n CO, when (2.2.1) holds. 
We set 


f dg (0 JV„ (0 = ( f 4 f ) dg (0 jV„ (t) 

0 l/n S 


0 

= Zi + Z 2 + Z»> 

say, where S is small but fixed. 

Now 

-l/n 


/'l/n 

Zi = j dgit). N„{0 


= 0 [f'" I dg/t) I . I (0 1 ) 


^0 I I dgit) I -L_ s _L ! sin(« -fc4i)M 1 

U ' ^^^'log« I sin it I J 

= 0 I I dff (<) I , _J_ I J_ (2n-2A:+i) Isin^t | \ 

\J log^- i+1 Isini/I / 
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= 0 I G (!/.).«]- 

= 0 ^ (logn)“^ . n } 

( 3 . 1 .'?} = 0 ( 1 '. 

Also by virtue of Riemaai — Lebesgue theorem and regularity of the method 
of summation, we have 


dg{C). it) 

s 

=0 I f I deit) I . i (0 I } 

6 



sin (n—k-\- } 

sin ^ ^ J 


(3.1.4) = 0 (li. 

Lastly in order to show that o{ 1), we require a suitable estimate for the 
kernel {t) in the interval ^ , 5). 

Since 




1 

2tt log n sin ^ 


Q n 

sin («+ —}/ 5 

^ k = o 


COS (A: f 1 

k+\ 


by making use of the Lemmas I and II, 


• cos (n±—)t 


k^o 


sin 


^4- 1)^ 

ITT 


we get 


}• 


Hence 

- 

<2=J dg(l) (I) 
Ijn 
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-°ti4; /* I ■'«(■) 1 1/<. log,/,} 

1/n 1/n 

^ i jn 

+°[-i4; +“f,5~ ]*«,) (i+icgi/,)"] 

l/« 

=orJ- Uor— L,l+or^ 1 

L log n J L(^log») J I log n J ilogl/iJ 

1/n 

+ ^[l4^]+‘’[i4“n]+'’[i4^ / l7tg“nF‘^7}'^'l 

1/n 

i„i-. +”[,4» / t] 

l/n i/rt 

= o(i) + or ^°g,^°g -i/-^]^ +4r®--f 

L logn Jj/rt ’-‘ognJj^n 

(3,1.5) =<i). 

Combining (3.1.3), (3.1.4) and (3.1.5), we see that (3.1,2) holds. 

This completes the proof of theorem 1. 

3.2. Proof of theorem 2, 

Denoting by (;c) the sum of the iirst n terms of the series (1.2. 3) at a point 

we have 

-o-TT fl 

7 (») = -Zi I / (u) L ( 2 sin V {u~x) ) du 
TT J dx ^ I 


- 1 / ^ ^ r cos - cos {n -f i)t 
TT J dt\m 2 sin h t 
0 • 


{/(*+0+i (* ’ 0 } * 
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- - ^ C cosj t-cos (n + ^) i 

Tf J 2 sia ^ t 

0 

Therefore 


'• W -^f [ cot i <( 1 - go's vt) + sin vt ] dh{t), v<n , 
0 

= -^^| J* I cot i « (1-cosv/) 


0 1/n 




^ r sin v/ dh{t) 

Ztt / 


say. 


But 


and 


IPK |. \m)\ 

J Sin 5 r z 


^\ln 

< 2v J I dk (0 I 

0 

= 2v X (i/n) 

= 0 ( 1 ). 


-I 

2'?r 


0,= coti< (l-cos v<)^iA(0 


1/n 


1 r" 1 ' 

= --^j cot ^fA(^J+ .^J cot li cos v/ </A (<) 
1/n 1/n 

“ " ^ “ “ir/ ^ ^ 


1 

+ ~^j cot I / cos V / dh{t) 


1/n 


1/n 
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=o(1)4-H„ (*) + ~ J cot \t cos vt dh (i), 
I In 

for h {t)/l tends to zero with t, as/' (*) exists. 

Hence 

(*)- 

l/« 


— f sin dA(0 f 0(1) 

2Tr J 

o 

1 1 
= ^ I cot cos vt dh[i) - -if- sin vt dh{l) 
27r J " Ittj 


\jn 


\ln 


Mn 


i_ f sin vt dh{t) + o{l) 

2Tr J 




1 ( cos iy+Mdh^t)+o{l). 

sin ht 
\ln 


Therefore 

l/n 

Making use of the formula (1.1.4), we get 




JL_ 

log « fc= 

1 r J- I 1 r’' c os(n-t + |)t 

* ’ I 2 ^"* J 


’log«i = o ^+1 


l/n 


sin I t 


(0 + 0 ( 1 )] 


-f "w-2inbr,LiTT 


l/n 


1 ^2?iliA+ilL+o(i) 

sin % i 


= dh it). (0+0(1). 


l/n 
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tn order to prove the theoreni, we have to skoW that 
( 3 . 2 . 1 ) j " dh{t). 7 t„ (0 = 0 ( 1 ). 

as OD, when (2.2,2) exists. 

We set 

r oh (*). (0= ( f +{ MA (<). J^n W 

l/» ' 1/n S ^ 

— A + ^a» 

say, where S is small but fixed. 

In order to prove 7^ = 0 (1), we require a suitable estimate for the kernel 

-1 


J^n (f) in the interval {n , B) 
Since 


X? 1 f / . 3. ” cos(i+i)^^ 

~ 2» log n sin i 1 1“’“ *4- 1 


, . , , 3^, " sin (*+!)« \ 




flog 

fay (2.3.1) and (2.3.2), we have 

r® 

A = J flA(0. JV^ xt) 


1/n 


tfA(o 1 . 1 (0 I 


) 


•“( / 

V l/n 

-°Lh f 

^ lln /V ]/n 


‘•log 




■l/n 


log' 
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l/n 



+ " ilW. +»[ e4-, /’>!(<)< 

' i /?2 



(3.2.2) - 0 (1). 

Finally, by virtue of Riem inn-Lcbesguc theorem and regularity of the method 
of summation^ we have 

\ = dh{}).N^(t) 

§ 

(3.2.3) =<1). 

Combining (3,2.2) a id (3.2,3j, we see that (3,2.1) holds. This completes the 
proof of theorem 2. 

4. It may be observed that there is a possibility of obtaining these theorems 
in an indirect manner by appealing to certain observations of Hille and Tamarkin 
[2], For the harmonic summability of Fourier series, they had established a 
necessary and sufficient condition, mZ. 

A necessary and sufficient condition that the n-th harmonic mean of a Fourier 
series shall converge to /(;c) at a point x at which 



is that 

(4.1) lim r sin vt log l/t k (t) ^ = 0, 

log" J ^ 


They had suggested the possibility of deriving similar results for the sum- 
mability of the derived and derived conjugate series. In view of the great complica- 
tion involved in establishing their theorem (4.1), Iyengar [3] and Siddiqi [7j had 
obtained in a direct manner results pertaining to the harmonic summability of 


( 453 J 



Fourier aeries without making use of the theorem (4-.1) ofHille and Tamarkin. 
Tnere being no explicitly given, lor derived and conjugate derived series, aiia- 
iogoua theorems to (4.1), we have obtained results for these series in a direct 
manner. 
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ABSTRACT 

In parts I and II [4,5] the problems of bending of circular plates into spherical shells have been 
solved. In this paper the method has been extended to the problem of a rectangular plate bent into 
an elliptic shell. The case of a rectangular plate bent into a circular shell [1] has been obtained as a 
particular case. 

1. INTRODUCTION 

The problems of bending of plates into shells have been considered by B R.. 
Seth [1, 2, 3] on the basis of linear stress-strain relations, 

oij — X A + 2/i (LI) 

where refer to the finite components of strain in the strained state of the body. 
In parts I and II [4, 5], we obtained solutions for the problems of bending of 
circular plates into spherical shells. In such problems apart from assuming 
tentative displacements, the calculation of expressions for eij in terms of displace- 
ments, and their gradients in various cooidinates, becomes very lengthy and 
complex [2, 4]. Obviously, the complexities will be more if the plates are to be 
bent into various other forms when the coordinate systems to be used are different 
curvilinear systems. In this paper it is shown that such problems can be attempted 
directly by using the expressions in terms of the metric tensors for strained and 
unstrained states of the body by introducing a curvilinear system of coordinates 
which move with body [6] and the problem of a rectangular block bent inio an 
elliptic shell has been solved. 


These results can be extended to the cases of plates bent into various other 
forms. 


2. NOTATION AND FORMULAE 


Following the notation of Green and Zerna [6], let ;«i be the initial, ji the 
final and Oi the curvilinear. Coordinates of the stained body, so that 

^1 = ( 01 , 02 . 0s) and ji t= yi (2.1) 

The metric tensors ga and Gij for the coordinate system 0i in the unstrained 
and strained states respectively are given by 


^ij 


001 





( 2 . 2 ) 


Then the state of strain is measured by the symmetric covariant strain tansor 


2 Tij = Gij 


Sii 
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(2.3) 



If is the contravariant stress tensor referred to $i coordinates in the strained 
body, the stress-strain relations (LI) can be written as 

T'J = p. (G*-- + G*= GS''+-^V- G") Yr. 

^ ' ‘ 1 - 2 ’? 

(2.4) 

= 2p. (yij 4— V G'J ) 

^ 1—25? r 

where ’? is the Poisson’s ratio, so that 2 P- V \ (1 — 2’?)“^ . The physical compo- 
nents of stress aij and strain «ij are given by 

= (Gii I Gii)^ Tii (2.5) 

= ( G“ G^^ Yjj (2.6) 


The equations of equilibrium in the absence of the body forces are 


T^J 1 i =0 or T^J + ri + pi T^j =0 

,1 ir ir (2.7) 

where vertical line denotes covariant differentiation and comma denotes differen- 
tiation with respect to 6i in the strained body. The Ghristoffel symbols ff. are 
given by 


TL = 


Qts 

2 


(G i s, j 4 G j Si i — Gi j, s 


) 


( 2 . 8 ) 


3. BEiSDtNG OF A RECTANGULAR PLATE INTO AN ELLIPTIC CYLINDER 


Let a rectangular plate in the undeformed state be bounded by the planes 
Xi = Uj, a{}i = ±b and ;f 3 =±J. 

Then it^ is bent into a part of elliptic cylinder whose internal and external 
boundaries are the confocal ellipses 

^ c cosh ^ cos r)i x^ = c sinh | sin | i==l, 2 (3.1) 

and the edge ?? = Let axes coincide with the xi axes and the curvilinear 

coordinates 0i in the deformed state be a system of orthogonal curvilinear 
coordinates (|, % Z) so that 

Ji=^ cosh I cos sinh $ sin Viy^^Z (3.2) 

Since the deformation is symmetric about the axis, we see that 
(i) the planes x^--= constant in the undeformed state become 
the surfaces ^—constant in the deformed state. 
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(ii) the planes ;(;2 = const ant in the undeform^d state become 
the surfaces V = constant in the deformed state. 

Then supposing no extension in the dire tion, we get 


(3.3) 


From (3.2) (3.3), and (2.2), the metric tensors for the strained and unstrained 
states are given by 


f (cosh® cos® T]) 


Gij= ^ 


o 

I O 

f 


c- (cosh® I— cos® v) 
o 


f 


1 ® 


i 


o 

0 


o 


o 

0 

1 


1 


o 1 

I 

o y (3.4) 

. ] 

(3.5) 


df 


where and Then 

dg dv 


27 




r 

I c® (cosh® I- cos® »?)-^/^ 


e® (cosh®| -cos^’?)— 


o 

to o 

Substituting (3.4) and (3.6) in (2.4) and (2.5), we get 

1 ® 


o 

o 

o 


V (3.6) 


2 <tii = 2(X+A^)“- 


X 9 


(x-}“2/^j jf 


c® (cosh®| - cos®^) (cosh~^-— cos®^) 


O 0/^ L rA (>^ + 2^) 


X/ 


n 


c® (cosh® I - cos®’?) c® (cosh®|— -cos®’?) 

I® 


(3.7) 


2<7 = i r 2 - 1 

L (cosh^^— cos'^’?) ■> 

From (2.7), (2.8) and (3.4) the equations of equilibrium to be satisfied are 

( 3T11-T2- ) =0 (3.8) 


, sinh 2s- 

2 (cosh^$ — cos'^J/) 


.p22 , sin 2 V 

*■ 9 "T 


)2 2 (cosh^^ — 008-4) 


(ST^a^Tii) ,, „ 
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tbe third being identically satisfied. 

On substituting (3,7) in (3.8) and (3,9; and solving, both these equations give 
the same solution 

= A (cosh^ (3.10) 

where = 1 (X+2 /a; and A is an arbitrary constant. 

Since/ and are functions of | and v respectively, the equation (3.10) will 
be consistent only if ^ is small such that cos f]' can be replaced by unity and 

(3.11) 

Then, we have 


=_BHD («sinh^'^~) 

Substitutin (3.11) and (3.12) in (3,7), we obtain 

= 2-d+-^F'l _D 1 

d ^(csinhl)^ (<isinh^)^J 

\ 2^d-^L- ^Skz^ 1 ' (3.13) 

^ {c sinh|)^ {c sinh^)"* J 

2. B 1 

L (csinh^;'^ J 


4. BOUNDARY CONDITIONS 

If the plate is bent by applying force to the edges only, 
we must have ^ ^ o 5 


<ui =0 when i- 1 , 2 

which gives 

2-d+-^ D 

(csinh|x)3 '-^’2 

Solving these equations, we obtain 


' ( 4 . 1 ) 


(4.2) 


B2=,2-^^(c^inh|,)^ -(« sinhS,')’^ ... 9_w 

d .rTTToIZT : — — 775 - 7 ^ (« sinh |i c sinh (4.3) 


(c sinh^,)2-rf_ sinh|j)2- 


D = ( 2 —d) 4)^ —(c sinh g,)° 

(c sinh fi)2-d 
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(4.4) 



Oa the straight edges ’7 = rt“t the disribution of tractions gives rise to a forc6 
f'l and a couple Mj given by 



(4.5) 


(4.6) 


The force Fj required to keep the length of the plate constant in the direction 
of the axis of the cylinder and the couple M in the axial plane applied to the 
plane ends of the cylinder per unit are between V and are given by 



k 


- M, 



<r,3«*sinh»| 


Is 


<t 3 s c® sinh^S ^ cosh f 


k 


di 


(4.7) 


(4.8) 


Substituting (3.13) in (4.5) to (4 8), we get 


Ft 



(2-d) (« coshlg-e cosh|j) — — log 

c 


tanh ^ 2 /^ 
tanh |j/2 


f ^2 

— (1 - rf)D J ^ ^ d I 


(4.9) 




■a )^ - (f sin hgi)^ 
2 


^ (2 -d) log (c sinh sinh la)2 { {e sinhla)*^ - («inh 

d { ( « sinh ^ — ( c sinh } 

(4.10) 

p _ ^l—rf) p (sinh 2|j— sinh 2|x) 

2 , I 2 


] 


it 


( c sinh 1)^ d I ] 


(4,11) 
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— Ma = \ 


— (esinh sinbg j)^ "^— (e aitlb 

(c sinh (e sinh|i) 2 ~'J' 


(4.12) 


6. PARTICULAR CASE 

. When « cosh | = « sinh ^ in (3.1), we get the case of a rectangular plate bent 
^ circular cylinder of inner and outer radii 7 ;, i= 1 , 2 respectively, 

so that [7] f ' > 0 , I ^ CO and consequently 

^ « cosh I and < sinh I >7 ( 5 , 1 ) 

(y cu^ilinear systern (^, z) is replaced by the cylindrical coordinate 

(y, V, Z). Then the equations (4.10) and (4.12) reduce to 

Ml = /I r (yi ( y/ - 7 / ) log ya/Vi 1 

L ^ d {y^—d^y2~cl) J ^5 2 ) 

_TLf rJa!-"V., 2 — d rvJ—va) fv 3— d V 3— rfx 1 


-Ma=X 


lE-j 


{y^~d_y i—d-^ 

2—d__y^2-^d~ 


which tally with the previous result [ 1 ]. 

In this case, the equation of equilibrium (3,8) is replaced by 


jgll I <^11 <^2 2 

37 y ^0 


Therefore 


^ 1 -/ ‘^a-i ^y*/ (y (Til) dy={ 

yi yi 

and from (5.1), and (4.7), it can be readily seen that also becomes zero, 
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A STUDY ON THE FORMATION OF COMPLEX COMPOUNDS BETWEEN 
BIVALENT AND UNIVALENT SALTS 

PART VI. SYSTEMS : Hglg— NaCN— H 3 O and HgCGN)*— MI— H*0 

(M = Na or Li) 
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ABSTRACT ^ 

A preparative study of the systems: Hgla-NaC^^-HaO and Hg (GNja - MI— H^O (M=: Na 
or Li) has been carried out and complexes of the type MHg (GNljI have been isolated and shown to 
remain unchanged on recrystallisation. 

Extensive work has been done an the mercury halide and pseudohalide com- 
plexes of the type (HgXg)" and (HgX^r " (X = Cl, Br, I, GN or GNS) but the mixed 
pseudohalides and halide-pseudohalide complexes of mercury although studied 
earlier^"'^, have received considerable attention only for the last few years^™®. The 
authors*^*^^ have recently carried out a preparative study of the systems : HgX^ — 
MGN— HaO (M:= K or Na and X- Gl, Br or GNS) and Hg (GN)^— MX— HaO 
(M= K, Na, NH 4 or Li and X= Gl, Br or GNS) and have isolated three different 
types of complexes MHgX^GN, MHg(GN) 2 X and MaHgCGN)^ from the potassium 
systems whereas from ail other systems the only compound which could be isolated 
corresponded to the formula MHg(GN)aX. In this investigation, the above study 
has been extended to the systems : Hgl^—NaGN— HgO and Hg(GNja— MI— HaO 
(M — Na or Li) and complexes of the type MH[g(GN)aI have been isolated. The 
stable nature of these iodide complexes conforms to the general order of stability 
already pointed out in Part IIP of the series. 

EXPERIMENTAL 

Materials. B. D. H. and E. Merck chemicals (Laboratory Reagent) were 
used for the preparative work. 

Analytical Methods : Mercury wag estimated as sulfide without adding the acid 
as the addition of acid precipitated mercuric iodide. Iodide was estimated by 
holding cyanide in solution with formaldehyde and precipitating with silver 
nitrate. The nitric acid was added after adding silver nitrate as the addition of 
acid precipitates mercuric iodide. Cyanide was estimated utilising the observ- 
ation of Aggarwal and Mehrotra^ that in mixtures of mercuric iodide and cyanide 
with potassium cyanide and iodide respectively, cyanide ions corresponding to 
the formation of Hg(GiN ).2 remained unionised and the remaining cyanide ions 
along with any iodide ions got quantitatively precipitated as insoluble silver salt 
by holding cyanide in solution with formaldehyde and a second estimation 
was made without adding formaldehyde^ which gave iodide and any ionisable 
cyanide. From the two results, the amount of total cyanide was computed, 

address : Department of Chemistry, University of Rajasthan, Jaipur, 
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PREPARATIVE EXPERIMENTS AND RESULTS 


Products obtaiaed from reaction mixtures having different molecular ratio 
of the reactants, namely Hgl^ and NaGN or Hg(GN )2 and Nal or Li I in 
concentrated aqueous solutions which were filtered to remove any turbidity if 
obtaiaed, have been analysed. In all cases, the compound isolated corresponds to 
the general formula MHg(GN) 2 l. The compounds crystallise in the form of white 
needles which turn yellow on standing, are soluble in water and deposit red 
mercuric iodide on acidification. In the table below are summarised the analyses 
of various products obtained from different molar ratio of the reactants and 
thoroughly dried at llO^G. 


Molar ratio of the reaction 
mixture 

Analysis of the product 

Yield 

Hg 

GN 

I 


1. 0-8HgIa*.NaGiSl 

49-9 

13-0 

31-3 

55-0% 

2. Hgl2 2NaGN 

49-6 

12-8 

29-0 

34-0% 

3. HgIa.4NaGN 

49-7 

12-9 

29*0 

20-0% 

4. HgCGN0,.NaI 

48-5 

12-6 

28-5 

18-5% 

5, Hg(GN)a2NaI 

49'3 

12'8 

292 

38-0% 

6. Hg(C!S()a.4NaI 

49-3 

12-8 

29-4 

35-0% 

NaHg(GN)a.I requires : 

49-7 

12-9 

31-5 


7. Hg(GN)aLiI 

50.9 

13-3 

31-3 

12-0% 

8 Hg(GN)a.2Ljl 

50-4 

13-2 

30-5 

10-5% 

9. Hg(GN)a.4LiI 

51-2 

13-3 

31-2 

68-0% 

LiHg(GN)aI requires : 

51-8 

13-5 

32'9 



The above compounds did not change in composition on recrystallisation 
showing that they are quite stable. 


One of us (A. K. A.) is grateful to the C. S. I. R., New Delhi, for a Junior 
Research Fellowship during the tenure of which the above investigations were 
carried out. 
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ABSTRACT 

Different concentrations of gibberellin were sprayed on moisture depleted as well as on normally 
irrigated plants and their effect on the yield character was noted. The main findings and conclusions 
derived are as under : — 

(1) In a late maturing variety, depletion of soil moisture after grain formation stage reduces the 
yield of both grain and straw considerably. 

(2) 50 ppm. has been found to be the best concentration of gibberellin for application on 
normally irrigated as well as on moisture depleted plants. 

(3) The hormone should only be applied if there are adequate supply of available soil moisture 
and nutrients for the plant. 


lNTRODUGTIO!>J 

Rice is a semi-aquatic plant and requires an abundant supply of water for 
its growth. Though India possesses the largest irrigation system in the world still 
bulk of the crop is mostly dependent on the vagaries of the monsoon. Therefore, 
an efficient use of water for maximum production has got special importance, but 
unfortunately in our country very little information is available about it. Experi- 
ments conducted in Madras and Andhra Pradesh (as cited by Ghose et at, 1960) 
have shown that by intermittent drying and irrigating the field every third day, 
a crop yield of the same order may be obtained as by maintaining continuously a 
three inch depth of water in the field. The authors (1962) found that progressively 
depleted soil moisture conditions just after the grain formation stage result in 
higher production of both grain and straw. 

It is well known that in the eastern part of U. P. bulk of precipitation occurs 
in between middle of June to the end of September, and therefore, one method of 
avoiding drought injury had been to grow such early maturing varieties of paddy 
which complete their life cycles before the withdrawal of the monsoon. But, as 
the population of our country is increasing we require higher yield per unit area 
and hence cannot depend too long on low yielding short duration varieties. 

Scientists all over the world, apart from introducing new promising strains of 
crops, better manurial and cultural practices and other improvements, are also trying 
certain growth promoting substances, popularly known as plant hormones to achieve 
quick results. Amongst the various growth promoting substances, gibberellin is of 
recent origin. Stowe and Yamaki (^1957) have dealt with the history and physiolo- 
gical action of gibberellic acid on various plants, Brian and Grove (1957; have 
discussed the general effect of gibberellic acid on different types of plant. Some 
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of the important findings and conclusions largely derived from their work are as 
below : 

(1) It promotes growth in a number of species, e. g , when wheat plant was 

treated, the mean height of the flowering tillers was increased consi- 
derably and the ears emerged from the sheathing leaves a few days 
before than those of untreated plants. However, there was a reduction 
in the number of flowering tillers and the ear per tiller. 

(2) It induces flowering in biennial plants without need for a cold treatment. 

(3) It breaks dormancy. 

A number of workers such as Nieman and Bernstein (1959), Krishnamurthi 
ei at (1959), Singh and Bandhawa (1959), Nagrutskii (1961) and Avdonin and Yu 
(1961) have obtained higher yield of fruits in a number of plants. 

To the best of knowledge of the authors, no work has been reported so far on 
the relationship of soil moisture (during the later stages of plant growth and gib- 
berellin application. This paper deals with the investigations carried on the rice 
crop over this important aspect. 


EXPERIMENTAL METHOD 


This experiment was laid out in medium sized cement pots which were filled 
with 20 Kg. of well prepared surface soil of a field where no manorial or any 
other type of experiments were conducted for the last 5 years. A mid-duration 
variety of paddy (T^i) was selected and the seedlings were raised under the natural 
conditions of the farm and were allowed to grow for 6 weeks. Soil of each pot 
was puddled in the last week of July 1961 after adding equal and measured 
amount of water and three seedlings of uniform growth and appearance were 
transplanted in each of them. Plants were provided with liberal but measured 
amount of water and were timely intercultured and dusted with gammexane. 
They were allowed to grow upto 90 days (grain formation stage) ancl then they 
were brought inside a glass house so that rain water may not interfere during the 
period of experimentation. 

Pots were now divided in two sets, one receiving liberal but measured 
amount of water till the end of the life- cycle and denoted as In, and in case of the 
other, fresh supply of irrigation water was stopped after keeping 2" of standing 
water at initial stage and was denoted by Following concentrations of gib- 
^rellin were sprayed on the plants of each set at an interval of 15 days, starting 
just after the transplanting and continued till the harvest time : 

(i) Go — Control, i.e,, no spraying of the hormone. 

(it) — 25 p. p. m. 

(itij Ga - 50 p. p. m. and 
(w) Gg - 100 p. p. m. 


Pots under the following 8 treatment combinations 
factorial block design with three replications : 


ax ji 




(1) InGo , 


!2J I.G, 


(3) loGj , 


(4; IqGj , 



Harvesting of the plants was done when their grains attained full maturity. 
The yield data was treated statistically by the method described by Goulden 
'1952) to find out the level of significance between the treatments. 

EXPERIMENTAL FINDINGS 

Yield oi grain and straw per plant has been presented in the Table 1 . Tables 2 
and 3 are concerned with analysis of variance and interactions due to different 
:reatments. 

TABLE 1 


Effect of Soil Moisture Conditions and Gibberellin Application on the 
Yield (gm. per plant) of grain and Straw. 


Treatments 

Replications 


Mean 

I 

II 

III 


GRAIN 




( 1 ) I.Go 

14-8 

17-6 

18-0 

16-8 

( 2 ) laGi 

15-4 

20-1 

19-7 

i8-4 

(3) InGa 

14*5 

19-1 

18-9 

17-5 

(4) InG 3 

12-4 

17'2 

16*6 

15-4 

(5) I, Go 

11-6 

15*2 

14-9 

13-9 

(6) 1,G, 

9-5 

14-1 

13-6 

12-4 

(7) IiG* 

11-6 

17-8 

17-7 

15-7 

( 8 ) I 1 G 3 

13-0 

19*0 

19-0 

17-0 


STRAW 




( 1 ) I«Go 

61-0 

52-9 

59'8 

57-9 

( 2 ) I.Gi 

65-0 

58-6 

64-8 

62-8 

(3) IhG 2 

68-0 

58-0 

66-0 

64-0 

(4) InGo 

64-2 

55'6 

62-9 

60-9 

(5) liGo 

46-7 

40-3 

46'5 

45-5 

( 6 ) IiG, 

63-7 

55’0 

6 - 2 '8 

60-5 

(7) I 1 G 2 

64-9 

57-2 

63-0 

61-7 

( 8 ) IiG, 

52-6 

45-1 

51-3 

49-8 
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tABLE i 


Analysis of Variance 


Due to 

D. I. 

M. S. for 
grain 

M. S. for 
straw 

Replication 

2 

55-45 

148-04 

Irrigation (1) 

1 

3106*t 

316-82** 

Gibberellin (G) 

3 

5-27*' 

179-60** 

1 X G 

3 

11-75** 

50-69** 

Error 

14 

0-42 

0-42 

Total 

23 

103-95 

695-57 


** Significant at i % leveL 


TABLE 3 

Interaction Between Soil Moisture and Gibberellin 


Irrigation 


Gibberellin 


Mean 

G. D. 

Go 


G. 

Gs 



GRAIN 




lo 

i6*8 

18-4 

17*5 

15-4 

17-0 

1=0-556 


13-9 

12-4 

15-7 

17-0 

14-8 

G=0-792 

Mean 

15*4 

15*4 

16-6 

16-2 


IxG=l-134 



STRAW 




la 

57'9 

62*8 

64*0 

60-9 

61-4 

1 = 0-556 


44-5 

60-5 

61*7 

49-8 

54-1 

G=0-792 

Mean 

51*2 

61*7 

62-9 

55-9 


IxG = l-134 


, . 1 1 ^ clearly shows that the yield of grain and straw is 

highly miiuenced by soil moisture, gibberellin and their interactions. 

crratn Table 3 dearly show that depleted soil moisture affects the 

of soil Taking the effect of gibberellin irrespective 

Droduction nf fo^nd that higher concentrations generally favour higher 

mosfeffectiv5 ? straw and 50 p. p. m. applicatiL appeared to be^he 

SncenStion w- improved by 100 p, p. m. application, but this 
SrnTiSreasrwIth^ production. Although grain yield 

that thp n^^rf ^ ^ 1 * but straw yield improved so well 

that the performance was next only to 50 p. p. m. application. 
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Considering the combined effect of soil moisture and gibberellin, it was noted 
that normally irrigated plant produced the highest amount of grain when sprayed 
with 25 p. p. m solution. Further, in case of grain, although the performance due 
to 50 p. p. m was slightly less responsive than that due to 25 p. p. m, application 
the order was reversed in the matter of straw production. As regards the ^rain 
production in case of moisture depleted plants, highly improved result was obtained 
where 100 p. p. m. followed by 50 p p. m. concentrations were used. Straw yield 
on the other hand was highly increased where plants were treated with 50 or 25 
p. p. m. concentrations. 


DISCUSSION AND CONCLUSIONS 

One of the striking features of the investigation is that depleted soil moisture 
reduces the yield of grain and straw very significantly. This is quite reasonable in 
view of the fact that the requirement of moisture is greater in a mid-duration 
variety than the early maturing one, because the former takes a longer period in 
completing its life-cycle than the latter. This increasingly low availability of 
moisture might have caused adverse effect on the root hairs and ultimately on the 
plant. Stocker (1930) has also stated that root hairs of growing plants on the 
steppes of Hungary died when the pull of the soil approached 30 atmospheres. 
Shull (1916) has stated that plant usually wilts when the rate of movement of 
water from particle to particle of soil and so to the root hairs falls below the 
necessary requirement to replace that has been lost from the aerial parts even 
under conditions of low water loss from the plant. This low status of moisture 
in the plant might have led to lesser enzymatic activities seated in the protoplasm, 
thereby not only causing reduction in growth but also in translocation of carbo- 
hydrate, protein, oil, fat etc., to the grains and ultimately lowering of the yield. 
This result is entirely contrary to our previous findings in which it was observed 
that progressively depleted soil moisture after grain formation stage and potassium 
application induce higher grain and straw yield. But that experiment was con- 
ducted on a short duration variety ozt., IM 22 and hence among the various causes 
responsible for lowering the yield in the present investigation, variety also might 
be one of them. 

The other important finding is that, in general, application of gibberellin on 
moisture depleted plants reduces the grain and straw yield to a great extent. A 
number of workers such as Ghuvashina (1960), Evtushenko and Gonchar (1950), 
Kushizaki and Hoshi (196 1), Evtushenko \196l), and Lyashchenko (1961) have shown 
that application of gibberellin causes more shoot growth than the root. During the 
course of the present investigation also it was observed that the fresh and dry weight 
of roots of the gibberellin treated plants was lower than the untreated ones. This in- 
hibited root growth, owing to less coverage of the moisture absorbing area, probably 
failed to meet the increasing demand of moisture and other soluble nutrients for 
the growing shoot. It is also possible that as the application of gibberellin reduces 
the osmotic pressure in the plant (Yoda, 1961), it leads to lowering of moisture 
absorption rate still further and causes adverse effect on a number of processes 
going on in the tissues of the plant. On the other hand, normally irrigated and 
gibberellin treated plants, in spite of their inhibited root growth, did not face such 
adverse condition of low moisture supply, and kept up their normal growth and 
development and hence yielded better. 

Hence it appears that better performance, particularly in depleted soil 
moisture condition, can be obtained if gibberellin is applied on an early maturing 
variety having extensive root system. It is also suggested that gibberellin should 
be applied only when adequate irrigation and nutrients for plant growth are 
available. 
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SUMMARY 

The chief objective of undertaking the present investigation was to find out 
how far soil moisture conditions and gibberellin application affect the yield of 
rice. The main findings and conclusions may be stated as below : 

(1) Depleted soil moisture after grain formation stage is harmful to a longer 
duration variety. 

(2) Application of gibberellin with 50 p. p. m. concentration has been found 
to be most useful both on the normally irrigated and moisture depleted plants, and 

(3) Gibberellin should only be applied if there are adequate supply of availa- 
ble soil moisture and nutrients to the plant. 
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ABSTRACT 

In thig paper the oscillations of an infinite gaseous cylinder with a mathematically tractable 
magnetic neld are dwcussed using virial tensor equations. It gives nine modes which can be classified 
into three groups. i?irst group consists of three neutral modes. The second group is of four non- radial 
modes. These are two difieient modes, each of multiplicity two. In the third group the two 
modes are coupled. o r ^ « 

1. INTRODUCTION 

Chandrasekhar (1960) has obtained the tensor from of virial theorem for 
small oscillations about equilibrium for a fluid contiguration in which a magnetic 
held prevails. Using this theorem a general characteristic equation of ninth order 
lor (square of irequency of pulsations) has been obtained here for an axially 
symmetric configuration with a magnetic field. In this note we have studied 
these nine modes of oscillations for the case of an infinite cylinder. The pulsations 
for the case of no magnetic field have also been discussed. 

2. The Virial Theorem Cor Small Oscillations. 

Consider an in viscid and infinitely conducting fluid in which a magnetic 

field H prevails. Then the virial theorem gives (Chandrasekhar, 1960) 

dldtf px^ dv = 2T^^ + hi > (1) 

V V 

where and are the tensors defining kinetic energy, potential energy 

and magnetic energy respectively. These are given by 


V 

P u^dv, 


1 

11 

r pVf^^dv, 

(3) 

“i. =‘/»' J 

V 

H, dv 

(4) 


I ^6? ] 



In equation (3), is Chaadrasekhar’s potential tensor and the other symbols 


have their usual meanings . 

— > 

If I t) denotes the Lagrangian displacement of an element^ of mass from 
its position of equilibrium, then the perturbation form of the virial theorem can 
be written from (1) as (Chandrasekhar, 1960) 



V 


dv \ 

r Pi. d^ki d 

B - (y- 

hi f ^ 

divf^dv 

J 

V 



J 

V 


r 

477 J 


1- 


1 a. 

v 

a*, 



a«. 

+ ^ki\ 

1-sr/ 


-^2 3|. 

- 1 H 1 -t 

^ dv 


V 

dX: 

dx- 



( 5 ) 

This equation gives the tensor form of virial theorem for small perturbations about 

— ^ 

equilibrium state of the configuration in which, the magnetic field H prevails. We 
take the equilibrium configuration to be one having symmetry about the three co- 
ordinate planes. Chandrasekhar and Lebovitz (1962) have discussed the symmetry of 
the tensor . We study here the symmetry of the tensor . 


Due to the symmetry mentioned above in p, is diagonal. Therefore, from 
the. equation of equilibrium ( putting u, =o in equation (1) ) 


^ki " Sjtj ( J iio + M 

V 


( 6 ) 


This gives 

(^4=0 (7j 

Therefore we conclude that is also diagonal. 

3. Characteristic Equation For 

To discuss the oscillations of the above configuration we assume the following 

— ^ 

general form of “trial function” for ^ 


= X. a; 
J jr r 




( 8 ) 
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where Xj^ are constants and X is the frequency of pulsations. Substituting (8) in 
(5), we get 

^im ^mk ~~ ^ ^ki ^mj; ki 


where 


Xj.) 

%w = / ’‘"tk’i 

V 

J = - {y-\) 


and 


mk 


=/ 




( 9 ) 

( 10 ) 

(ill 

( 12 ) 


We suppose that the configuration has axial symmetry about the *3 - axis and 
also that x^-x^ plane is a plane of symmetry. This includes the triplanar 
symmetry. Therefore the relations derived before still hold good. 


This gives 




Iji — Ijj . 


Also, we have, from equation (6) by putting i—k, 

(P^^^.M)-2 M„=(Ps.+M)- 2M,3= (P33+M)-2M33 = - j P dv 

V 

The first two of these relations give 

From (14) and (15) 

J= (y — 1) (p33+2Mji — Msa), 

The nine equations given by the tensor equation (9) are 

\"X3iIu= JXii-(Xu Pa; 11+XasP.a; 11+X33 P33; 11) 

- 2Ma iXn - X^a) -M33 (X^ +X„-X 3 ,), 
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(13) 

(14) 

(15) 

(16) 


( 17 ) 



Ixi JXjj “(Xxx Pjgjii+Xsa PiiJ 11 + X33 Paa! 11) 


- 2Mxx (Xa, - Xix) - Mja (Xu + Xj^ - Xj,), ’ (18) 

X^Xjj Ia3=JXjj— (X^i+Xj-j) Paaiii "Xj^ PasSas 

-2MiiX,a+M,3 (Xii+Xjs-Xaa) (19) 

X®Xjx Iji= — (Xax+Xxa) PjaSia — 2Mxi (X^j+Xai), (20; 

X^Xi, Iii= -(Xxa+Xax)Pia;ia-2Mxi (X^a + Xai), (21) 


X*Xjx 111 = “ Xi3 p3i;i3~X3x Piahs 

— 2 (MxiXgx + M33XX3), 

X®Xx 3 133= — Xx 3 PaiJxa — Xjx PxsJjg 

— 2 (MiiXax+MagXxa), 

X*Xjj 133 = -Xjj PaiJia — Xaa PiaJia — 2 (MxiXja+MgaXas), 

X^Xaa Iii=-Xaj -X^, Pxshs-S (MxiX3a + M33Xa3). 


( 22 ) 

(23) 

(24) 

(25) 


I 

)► 


In the following discussion, we have taken (Chandrasekhar and Lebovitz, 1962). 
I^iij)i~Pa>jaa 

^xi>a2“ PaaJii— P ! 

Piij33~Paa533 = Paahi^PaaJai ~ 0 ' | 

PsaJta"!^ 

PiaM4~Pai»>i ~i (A. -B) 

P|s>i3 = Pa8!aa =G''Px|. 

Psnu “Paa^aa =C-Pj3 

where A, B, G and D are connected by the following three relations 
A + B+G = Px,, 

2GfD = P33, 

3A-B+2G = o . 


(26) 


(27) 

(28) 
(29) 


4. THE MODES OF OSCILLATIONS OF GVLINDRICAL GASEOUS MASS 

In this secaon the modes of oscillations of gaseous cylindrical mass in the 
presence of magnetic field satisfying the condition (16, are discussed. 

For the case of cylinder, we have 

Iii=Ia2=I/4, Ij3 = I/2. _ 
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In this case, equations (22) to (25) reduce to the following forms; 

X“X3iI/4=-Xis Xax (^ 11^31 + ^ 33 ^ 13)5 (31) 

X^Xt.3 I/2=*Xx 3 Psihs-^si Pi3Ji3*“^ (MixXsx+MsoXxs), (3i) 

X^X23 T/2 — ”*X^3 PsiJlS ”^3 8 Pl35l3 " ^ (^11^3 • 2 '+"^ 3 8 ^ 23)5 (33) 

X^X32 1/4= — X 23 p 3i;i3 ~'X3a PisJis - 2 (Mxi X3a+M33X23) (34) 

Subtracting (32) from (31), we get 

2 X 13 ) 1/4-0, (35) 

which gives 

X»=o (if X31 = 1 = 2X13) ( 36 ) 

Adding (.31) and (32), we get 


(X 3 X + 2 X 13 ) 1/4= -2Xi3 P3i;i3-2X3i P-iahs -4 (MuXsi+MssXxg) 

(37) 

This gives 

xa=-2/l[ £G-2 Pii-P33+'^Mii+2M33 ] , 

=2/1 [ P-2M-3G ] (ifX3i=2Xa3). (38) 

In equation (38), we have used (26) 

Similarly equations (33) and (34) give 

x2=o(ifX3a=#:2Xj3), (39) 

and 

xa= - 2/1 [ 3G-2Pii -P38+4M11 + 2M33 ] , 

=2/1 [ P-2M-3G ] (ifX3a=2Xa3) 

Also from equations (20) and (21), on subtracting and adding, we get 
X® (Xjx — Xjg) 1/4 =0, 
which gives 

X* = o (if X;ia = 1 = Xj-j), 
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(40) 

( 11 ) 

(42) 



and 


X2 (Xa,+Xi,) 1/4= -2 (Xi 24 5CaO P, j;ia~ 4ivixi (Xia+^ai)- (43) 

This gives 

X^=4/I(B-A-4Mii) (ifXia=f= -X,i). (44) 

Next we consider equations (17) to (19). 

Subracting equation (18) from (17), we have 

X* (Xi 1 - Xga) 1/4 = (B - A - 4 Mi 1 ) (X^ ^ — Xj^), (45) 

which gives 

xa=4/I(B-A-4Mii) (if Xn=f=X2,). (46) 

Adding (17) and (18) and subtracting twice equation (19) from it, we get 
(xn/4-i-A+B-2C+4M33) (X.i + X^a) 

+X33 (-xai + 2 G- 2 D- 4M,,-4M33) =0. (47) 


Equations ^47) and (19) can be written in the matrix notation as 


X* I/4+ai -X* I+«. 1 1 Xii+Xaa I 

= Oj 

(48) 

I-J+G.M33 \M/2+«3 I 1 

where 

^33 1 


<2^ =A + B — 2 G“|- 4 h 433 

1 

1 


a2r=;2G- 2D — 4 Mxi -4M33 

I 

> 

1 

(49) 

^3=^ ^J + ^+^33 + 2Mi2 

1 

J 


The characteristic equation obtained from 
the left of the matrix equation (48) is 

the vanishing 

of the determinant on 


X* P/8+X^ [ «1 I/2+a3 I/4+I ( - J+G - M33) ] 

+ «! ^3 - ( • J + G — M33) ~o . (50) 

This equation, with the help of (49), reduces to 

X‘ p/8 - xa [ (^ + « - 2Mii) I/2+I/4 (^8 -M) ] 

+(^-a-M-M33)(2«+2M33-M+j8)=o, • (51) 

where 

, «=J_G j 


l8=J-D 

M = 2Mii4.M33 
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(52) 



Rewriting (51) in the form 

12/8 -X® 1/4 [ (5y-8}_^ +4C-4M33 ] 

+ CS^Zli) (3C-P33-M-M33)J = o . (53) 

(V- 1) 

We have 

x® 12/4=1/4 [ (5y -8) + 4G-4M33 ] 

2 *1^ 
±[I2/16| (5y-8) ^^J_^+4G-4M33 }- -2^1)"- (3G-P3s - M-M33) 1 

(54) 

Clearly (53) gives a neutral mode 
=0, for 7 = 4/3. 

The other mode for 7 =4/3 is , 

xSi=8/3I (3G - P33 ~ M-M33) (55) 

The equation (53) represents the coupling between two modes. It is difficult 
to resolve these coupled modes in a general case. 

Thus we have the following nine modes of oscillations 
= o, (multiplicity three-neutral mode) 

= 4/1 (B ^ A - 4Mii), (multiplicity two-non radial mode). 

X* = 2/I (P - 2M - 3G), (multiplicity two-non radial mode). 

and the other two modes are coupled. 

5. Modes of Oscillations of Cylinder when There is no Magnetic Field. 

The nine modes of oscillations of the cylinder, when there is no magnetic field 
can be obtained by putting Mxi=M33=o in equations (17) to (25) and proceeding 
exactly as in last section. 

In this case the nine modes are 

X^=o, (multiplicity three-neutral mode) 

X^=4/I (B~A) = 16/15 P/I, (multiplicity two-non radial mode). 

X® = 4/5 P/I. (multiplicity two-non radial mode). 
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and the other two modes are coupled. 
For y=4/d, the two coupled modes are 


X^ = o, 

and 

X2=32P/45I. 

For y <4/3, one of the coupled modes becomes unstable. 

6. CONCLUDING REMARKS 

In this note we have Studied the oscillations of gaseous cylinder with and 
without a magnetic field. It is found that in both the cases we get the same types 
of modes but of different frequencies. The nine modes of oscillations consist of 
three groups. The first group is of three neutral modes. The second group of 
four non-radial modes has two different modes, each of multiplicity two. The 
third group has two coupled modes. 
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ABSTRACT 

In the present paper a relation between Meijer-Laplace transform and generalised Hankel transiorm 
has been given. Interesting special cases have been discussed and it is illustrated by an example. 

1. Meijer-Laplace transform (2, p» 57) of a function f{t) eh (o, co) is defined 
by the equation 


(1.1) 



p m+ 1, o 
^ m, m+1 





We denote the Meijer-Laplace transform (1.1) symbolically by 


P)--'G [jf if)) Sf rXjxij Vm, P] 

where <j> (s: Om, Vm, P) = ^ is), and (1.1) reduces to classical Laplace transform on 
putting oii— o, i=l,..., w and P = o. While its generalised Hankel transform 
(9, p. 298) is defined by the equation. 


(1.2) g{^) = V2j 

O 


I* fi 
4 


bg, I - bi, 


:;W)/(0.l,S>o 


We denote the generalised Hankel transform (1.2) symbolically by 


g ( I; flp. ) = H [/ (t); I; ap^ bq ] 


where g { ^ ; ap^bq ) = g (|), and (1.2j reduces to Hankel transform of order v on 
putting ^=l,j!>=o, i^ = l/4hv/2, ^ 2 = 1 / 1 - 

The object of this paper is to obtain a relation between the Meijer-Laplace 

transform of f (t) and the generalised Hankel transform of/(0j when R(/^)> — 1. 
The result is stated in the form of a theorem^ which yields as particular cases 
many known and unknown relations, and is then, illustrated by an example. 


2. Theorem*. If / {ts 
R(P)>*-1 R(^) > Jo >0. 
I,..., q then 


and H [ / (0; ] belong 

R {min. Vi-\-2min* ^j) > R (-/^““U 


to L(o, od) and 
where 


/(})■, «». V p] 


CO 


= J A (i, I) H [ / (0; G “p. *9 i 

o 
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where 


A(i.l) ^ '2 

V TT 


m m 

S S {Vi + ^i) + J 


.s 


1 


y G^>i^+2»2-}-2 / 

??+2m+2, 2^+2m 


#= 


/ J!_l xap, A (2,-’7i-/^),..., A (2, ~’7ax-/^), 


A (2, - P - A^), i-iflp \ 
A(2, ^m — — P*), ^ " <1^^ / 


- M Since /(i) and H [/ (i); ap, bq ] belong to L (o, co)^nd the kernel 

in ^ 1 ,^} IS a Fourier kernel, therefore using Theorem 2, FOX (5, p. 400), we have 

/«) . ,Tj B [/(,); s. «, ( tfl 


provided ?> ^+1, R (6„) > (1 -A) JU, m = ],..., g; 

R ( <*n ) < ^3A — 1) /4A, n = l,,.., y (i) ^ L (o, oo) and y (2) is of 

bounded variation near i=^, (i>o), where A = g-J>. 

Hence Meijer-Laplace transform of f (i) is, 


Vm, P / 


(2.1) G [ f fit); s; a^, p] = vT f ( st 

o 

J H [/(,). ft ^ ( tf I .JA ) ,, ,, 

CO 

= /2 j H [y(<);|; ap, bq ] 

o 

J m, m+ 1 k Vra, P )^2p,2qK-^ Jq] J - [bq ) 

■ -k j^tify the change of order of integration in (2.1) we see that | -integral 
IS absolutely and uniformly convergent if the generalised Hankel transform of I ah\ I 
^ists;thei- integral is absolutely and uniformly convergent, if > o, > 1 
jm^q-p) > w> o,R[ mia. >?i + 2min. Aj]>R (_/*_ i) where i = 1 , 0 ~ 1, 

denote^|l*^,t symbol, ^ap is used to denote a,...., ap and i- ,flp to 

=?= A (Wj or) represent the set of parameters 

a/m, ia+l)/m, ... , («+«- i)Jnt. 


[ 478 



I arg s I <7r/2 and arg may have any value. Hence by Fubini’s theorem the 
inversion of order of integration is justified. The theorem then follows, after 
evaluating the t - integral with (10, p. 401) and using conditions (6, p. 84}, we see 


/ 

o 


G' 


.m+ 1,0 / 

1 ’'i+" 

m, w-|- 1\ 


m 

m 







= 1 


Vtt 


2 


. s 


-P- 1 




X^Pi 9 • iQp 

— ipq 


) 


dt. 


vx GS,i> + 2m + 2 

^ 2p-^2m + 2,2q^2m 


( I! I'JA A(2,-’;i-P),..., A(2,-’7m-#*). A(2,-P-/i), 


i - i"/- \ 

4 - 1*3 / 


3. Various particular cases of this theorem can be obtained, some of which 
are given here. 

(i) Putting ai=o, P==X±4, ?= 1, =i + W 25 g (^) replaced 

W ^ (l)j /(O by i*/ (/) and p- by we get a result due to Verma (12, p. 103). 

(«) Putting m= 1, ’?j^==2w, q-l, p—o, ii=i+v/2 and g{P) 

replaced by ^* ^ (|),/(^) by and /a byP-i, we obtain another result of 

Verma (12, p. 105). 

ijii) Putting p = o, in (t) we get a result due to Bhonsle (4, p. 114). 

iiv) Putting = z = I,.*-, wi, P=o,j& — 1, ^=2, fli =^- - v/2 — ij =i+i'/2, 
^2 = v/2+2m4-J, we get a relation between Laplace transform and k^m trans- 
form (8, p. 271). 

CO 

»< \t^ f{t);s]=fk (S, „ [/« ; II ^1- 

b 

where 


&(^,i)= 


V TT 




J:-m-v/2-i,-P/2,(-A‘ + l)/2, - A + ot+v/2 + 1' 

i + v/2, v/2+2m + i,i-v/2, i-v/2-2m 


provided ^ - transform of [ g (|) | exists, R (P) > - 1 , R (j) ^ ^ 

R (v -j- 3/2+OT±m) > 0 and 2m is not an integer or zero. 
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(v) Putting «!=>=(}, 1, - 8 - A, — X, P == - 8 - X, g == 1, p-o, 

iy 4 ^v/ 2 i we get a relation (11, p. 357) between Meijer’s transform (7, p, 727) 
and Hankel transform of order v. 

03 

^ (.) = J k {s. I) [/O; I ] dl 

O 

Where j/ (s) denotes Meijer’s transform of f {t) and 

u 1 I A (2, X - 8 - P), A (2, S + X-'P) \ 

^ ^ vT" 44 V 7 a I 1/4 + V/2, A (2, 2X-P), 1/4 - v/2 / 

provided e L (o, od), R (p) > -1, R (s) > >o and R (P‘-X-i-v + 3/2±S) >o. 
4. To illustrate the theorem let us take / (/) = (i), (3, p. 157) 


whereE^ (0 = .“i' 


using ( 1 , p. 216), we get, 


% (0 - ( 


o /.- l ) 


Then from ( 6 , p. 84), we have 


( 0 ; 


“n 


J_Qm+l,2 


ot + 2 , ot +2 


1 ’7i,..., V, P,-M-v 


where OT >o,R{Vu P-f >-l, R ( 5 ?;, p + ^+ v- 1) >-l,and I arg i | < 77 / 2 . 
Now using ( 10 , p. 401), we get 





1')/2, (2 - v)/2, I - ^ap 
ibq^ - v /25 (I — v)/ 2 , J — 


with/»>o, b R (i+2 mzn. ^j)>©, R (v + 2mz«. >o, g. 

substituting this in the theorem, we obtain the result using ( 6 , p» 84) 


ytA -L p . 


X 

1 


ir 



Qg,^+2m4"2 
^+2m4-2, 2g+2»i 
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l^pi A (2, — «m),A (2, — P J - 
t^$j A (2) A(2j " P), i —1^5 


?,#»+4 

^ %+i,2q+2 



l> (2 — v)/2, 

~ v/2, (I '~v)/2, J 


2 1 * ^2m+2.‘t f 5*1 ~^/2j -^*/2+4>-^/2 -v/2+4, 

27r 2m4-^,2'7i4-4 ^ i ^ ’^j)»'*'> A (2j ’?m) A (.2, P), 

-p./2-v/2+l, A- (2. ’Ji+ai),--', A (2, ’?m+“m) 
-/x/2-v/2,-/*/2-v/2+| 


with m +3 -p>m>o, /)>o, 1, 1 arg i | < ■n'/2, R (/*)> - 1, R (26j-|)> - 1» 

R(2flj-4) <l,R(->?/2-/*/2+aj) <1, R(-P/2-/*/2+ai)<l.R(fli)<l. 

R(aj+l/2-v/2)<l, 

R [( _ 7,. _ 1 V2] < 1, R [( - _ v+2)/2] < I, R[( - p - P‘4- 1)/2] < 1, 

R[(-P-/‘-v4-2)/2]<1, 


j- 1,...,^ ; t= 


My thanks are due to Dr. B. R. Bhonsle for his help and guidance during the 
preparation of this paper, 
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ERRATA of the Paper entitled “ Radial Oscillations of Variable 
Magnetic Star and the Origin of the Planetary System ” by A. C. Banerji and 
K. M. Srivastava published in Vol. XXXIII, Part 1, 1963, pp. 125-148. 
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